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ABSTRACT

The previous of our work is the implementation of
the 2D linearized shallow-water equations by using the
explicit finite difference method. This implementation
is used to study the tsunami source characteristics in
the 2004 Indian Ocean Tsunami. At the present, we
can solve the 2D nonlinear shallow-water equations by
using the same finite difference method. Thus, these
equations are implemented in this work, and it becomes
to our code for tsunami simulation. Furthermore, we
use this code to simulate the propagation of 2004 In-
dian Ocean Tsunami as three experiments; the simula-
tion of a Gaussian wave in a homogenous bathymetry,
the simulation of an Okada fault segment in the In-
dian Ocean, and the simulation of static rupture of 4-6
Okada fault segments. The first experiment is used to
validate our implementation by comparing the tsunami
predictions (a maximum height and a first arrival time)
between our code and FUNWAVE program. By using
the absolute percentage error, it results that our code
results in the low accuracy of maximum height (about
59.49 %) and intermediate accuracy of first arrival time.
The second experiment is the simulation of an Okada
fault segment in the Indian Ocean. The numerical re-
sult or tsunami profile is compared with the result of
Koh et al. (2009) in 3 stations; Penang, Langkawi, and
Phuket. The last experiment is the simulation of static
rupture of 4-6 Okada fault segments. The numerical
results are compared with Arcas and Titov (2005) and
Grilli et al. (2007)’s results. However, these results
should be analyzed by using an error metric, for exam-
ple, a root means square error and absolute percent-
age error. In addition, this our implementation should
be validated with another mathematical model such as
the Boussinesq and linearized shallow-water equations
in the future work.

BACKGROUND KNOWLEDGE

Finite difference scheme for solving the lin-
ear long wave equations

To understand the method for solving the nonlinear
shallow-water equations, we should study the finite dif-
ference scheme for solving the linear long-wave equations
from J. Kämpf (2009). First of all, these equations can be

written in 1D case as

∂u

∂t
= −g ∂η

∂x
, (1)

∂η

∂t
= −∂(uH)

∂x
, (2)

where u is the particle velocity in x-direction, g is accelera-
tion due to gravity, η is a sea-surface elevation, and H is a
total water column by H = η+d ( d is unperturbed water
depth). In addition, the equations (1) and (2) are called
the momentum and continuity equation, respectively.

Notice that we have two major variables that are con-
sists of the speed u and the sea-surface elevation η. J.
Kämpf (2009) used the staggered grid technique to solve
these equations by separating variables η and u (Figure
1).

Figure 1: The staggered grid by sea-surface elevation (η)
is located at integer index grid, and particle velocity (u) is
located at half-integer index grid. The cell index i refers
to a certain grid cell.

Now the finite difference scheme is applied on the mo-
mentum equation that can be written as

un+1
i = uni −

∆t

∆x
g
(
ηni+1 − ηni

)
, (3)

where η is step time, i is numerical grid index, ∆t is time
step, and ∆x is grid spacing.

Figure 2: The control volume approach that use in the
first-order upwind scheme.

We use the first-order upwind scheme to solve the con-
tinuity equation that can be written as

η∗i = ηni −
∆t

∆x

[
uni He − uni−1Hw

]
. (4)
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If the direction of flow comes from the left-hand side,
the numerical version of the continuity equation is

η∗i = ηni −
∆t

∆x

[
u+i H

n
i − u+i−1H

n
i−1

]
. (5)

If the direction of flow comes from the right-hand side,
the continuity equation for numerical version is

η∗i = ηni −
∆t

∆x

[
u−i H

n
i+1 − u−i−1H

n
i

]
. (6)

The equations (5) and (6) are combined, the final form
of the continuity equation is

η∗i = ηni −
∆t

∆x

[(
u+i H

n
i − u+i−1H

n
i−1

)
+
(
u−i H

n
i+1 − u−i−1H

n
i

)]
,

(7)
where

u+i = 0.5 (uni + |uni |) , u−i = 0.5 (uni − |uni |) ,
u+i−1 = 0.5

(
uni−1 + |uni−1|

)
, u−i−1 = 0.5

(
uni−1 − |uni−1|

)
.

Follow this derivation, the numerical version of 2D lin-
ear long-wave equations can be described as

un+1
i,j = uni,j −

∆t

∆x
g
[
ηni+1,j − ηni,j

]
,

vn+1
i,j = vni,j −

∆t

∆y
g
[
ηni,j+1 − ηni,j

]
,

η∗i,j = ηni,j − ∆t

∆x
{(u+i,jH

n
i,j − u+i−1,jH

n
i−1,j)

+ (u−i,jH
n
i+1,j − u−i−1,jH

n
i,j)}

− ∆t

∆y
{(v+i,jH

n
i,j − v+i,j−1H

n
i,j−1)

+ (v−i,jH
n
i,j+1 − v−i,j−1H

n
i,j)},

where

u+i,j = 0.5
(
uni,j + |uni,j |

)
,

u−i,j = 0.5
(
uni,j − |uni,j |

)
,

u+i−1,j = 0.5
(
uni−1,j + |uni−1,j |

)
,

u−i−1,j = 0.5
(
uni−1,j − |uni−1,j |

)
,

v+i,j = 0.5
(
vni,j + |vni,j |

)
,

v−i,j = 0.5
(
vni,j − |vni,j |

)
,

v+i,j−1 = 0.5
(
vni,j−1 + |vni,j−1|

)
,

v−i,j−1 = 0.5
(
vni,j−1 − |vni,j−1|

)
.

This method might be result an oscillation of artificial
numerical waves. To remove this oscillation, the following
first-order Shapiro filter (Shapiro, 1970) is used. Thus the
value of sea-surface elevation for the next time level is

ηn+1
i,j = (1− ε)η∗i,j + 0.25ε

(
η∗i−1,j + η∗i+1,j + η∗i,j−1 + η∗i,j+1

)
.

The governing equations

To simulate the tsunami propagation in the Bay of Ben-
gal, the nonlinear shallow-water equations are used as the
governing equation that is written as

∂η

∂t
= − ∂

∂x
(uH) +

∂

∂y
(vH), (8)

∂u

∂t
= −u∂u

∂x
− v ∂u

∂y
− g ∂η

∂x
, (9)

∂v

∂t
= −u∂v

∂x
− v ∂v

∂y
− g ∂η

∂y
, (10)

where η is a sea-surface elevation, (u, v) are horizontal
velocities, H is a total water column by H = η + d ( d
is unperturbed water depth), (σx, σy) are the absorption
coefficients, and ψ is an auxiliary field.

Follow the previous derivation, now the first-order up-
wind scheme is applied on the nonlinear term in the mo-
mentum equation that can be expressed as

u∗i,j = uni,j − ∆t

∆x
g
[
ηni+1,j − ηni,j

]
− ∆t

∆x
{(u+i,ju

n
i,j − u+i−1,ju

n
i−1,j)

+(u−i,ju
n
i+1,j − u−i−1,ju

n
i,j)}

− ∆t

∆y
{(v+i,ju

n
i,j − v+i,j−1u

n
i,j−1)

+(v−i,ju
n
i,j+1 − v−i,j−1u

n
i,j)},

v∗i,j = vni,j − ∆t

∆x
g
[
ηni,j+1 − ηni,j

]
− ∆t

∆x
{(u+i,jv

n
i,j − u+i−1,jv

n
i−1,j)

+(u−i,jv
n
i+1,j − u−i−1,jv

n
i,j)}

− ∆t

∆y
{(v+i,jv

n
i,j − v+i,j−1v

n
i,j−1)

+(v−i,jv
n
i,j+1 − v−i,j−1v

n
i,j)},

with the first-order Shapiro filter;

un+1
i,j = (1− ε)u∗i,j + 0.25ε

(
u∗i−1,j + u∗i+1,j + u∗i,j−1 + u∗i,j+1

)
,

vn+1
i,j = (1− ε)v∗i,j + 0.25ε

(
v∗i−1,j + v∗i+1,j + v∗i,j−1 + v∗i,j+1

)
.

The numerical version of continuity equation is

η∗i,j = ηni,j − ∆t

∆x
{(u+i,jH

n
i,j − u+i−1,jH

n
i−1,j)

+(u−i,jH
n
i+1,j − u−i−1,jH

n
i,j)}

− ∆t

∆y
{(v+i,jH

n
i,j − v+i,j−1H

n
i,j−1)

+(v−i,jH
n
i,j+1 − v−i,j−1H

n
i,j)},

with the first-order Shapiro filter;

ηn+1
i,j = (1− ε)η∗i,j + 0.25ε

(
η∗i−1,j + η∗i+1,j + η∗i,j−1 + η∗i,j+1

)
,
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where

u+i,j = 0.5
(
uni,j + |uni,j |

)
,

u−i,j = 0.5
(
uni,j − |uni,j |

)
,

u+i−1,j = 0.5
(
uni−1,j + |uni−1,j |

)
,

u−i−1,j = 0.5
(
uni−1,j − |uni−1,j |

)
,

v+i,j = 0.5
(
vni,j + |vni,j |

)
,

v−i,j = 0.5
(
vni,j − |vni,j |

)
,

v+i,j−1 = 0.5
(
vni,j−1 + |vni,j−1|

)
,

v−i,j−1 = 0.5
(
vni,j−1 − |vni,j−1|

)
.

Finally, the nonlinear shallow-water equations can be
solved by using this formulation. Furthermore, this for-
mulation is use to test the propagation of Gaussian wave
and 2004 Indian Ocean Tsunami. The experimental set-
ting of this work is presented in the next section.

EXPERIMENTAL SETTING

Testing a Gaussian wave in homogenous
bathymetry

First, we test our implementation by simulating a Gaus-
sian wave in a domain 50◦×50◦ with a homogenous bathymetry
(5, 000 m). To measure a height and first arrival time
of the Gaussian wave, we set 16 gauge stations around
the domain at location (5◦, 25◦), (25◦, 45◦), (45◦, 25◦),
(25◦, 5◦), (10◦, 25◦), (25◦, 40◦), (40◦, 25◦), (10◦, 25◦), (15◦, 25◦),
(25◦, 35◦), (35◦, 25◦), (25◦, 15◦), (20◦, 25◦), (25◦, 30◦), (30◦, 25◦),
and (25◦, 20◦) that are following in Figure 3.

Figure 3: The uniform oceanic depth domain (left) and
their location of gauge stations(right).

The Gaussian wave is used as an initial condition that
can be described by

xm = (x− xc) cosψ + (y − yc) sinψ,

ym = (x− xc) sinψ − (y − yc) cosψ,

η(x, y) = A exp

(
−0.5

(
x2m
σ2
x

+
y2m
σ2
y

))
, (11)

where η is sea-surface elevation, A is an initial amplitude
of Gaussian wave, (xc, yc) are the center of Gaussian wave,
σx is width of Gaussian wave, σy is length of Gaussian
wave, and ψ is a strike angle.

In this work, we set the initial amplitude of Gaussian
wave as 10 meters, width and length of Gaussian wave as

1◦ or 111.36 km. The strike angle is 0◦ , and the center
of Gaussian wave is located at the center of the domain
(Figure 4).

Figure 4: The Gaussian wave that is located at the center
of our domain.

Moreover, we verify the accuracy of our implementation
by comparing the wave height and first arrival time with
the preliminary result from FUNWAVE program that is
presented in section Numerical Results.

Testing an Okada fault segment in the In-
dian Ocean

The second experiment of our implementation is the
simulation of 2004 Indian Ocean Tsunami. To verify Koh
et al. (2009)’s work, an Okada fault segment is used as a
tsunami source characteristic that requires the co-seismic
parameters in Table 1.

Table 1: The co-seismic parameters used in Koh et al.
(2009) and Guo et al. (2015).

Parameters Value

xc(longitude) 93.00
yc(latitude) 7.25

Depth, d (km) 30
Length, L (km) 1,000
Width, W (km) 100

Slip, ∆ (m) 20
Strike, φ (deg) 350
Dip, δ (deg) 8

Rake, λ (deg) 110

To observe tsunami wave profile and current velocity,
the three sets of gauge stations are installed around the
domain: tidal gauge stations of UHSLC, tidal gauge sta-
tions of Royal Thai Navy and DART stations (Figure 6).
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Figure 5: The Okada fault segment that is used in this
work.

Figure 6: The Bay of Bengal region and our gauge sta-
tions.

Testing the static rupture of 4-6 Okada fault
segments

Finally, this implementation is used to study the ef-
fect of tsunami source characteristics. Because the 2004
Indian Ocean Tsunami was generated by the rupture pro-
cess of earthquake, so this work focuses on only the static
rupture. In addition, the 4-6 Okada fault segments are
used an tsunami source characteristics that require the
co-seismic parameters in Table 2-4.

Figure 7: The 4-6 Okada fault segments that is used in
this work.

Table 2: The seismic parameters for 4 fault segments (Ar-
cas and Titov, 2006).

Parameters S1 S2 S3 S4

xc(longitude) 95.58 94.40 93.63 93.35
yc(latitude) 3.9 5.8 8.7 11.5

Depth, d (km) 25 25 25 25
Length, L (km) 200 335 335 300
Width, W (km) 150 150 150 150

Slip, ∆ (m) 17 22 15 15
Strike, φ (deg) 300 345 345 5
Dip, δ (deg) 13 13 13 13

Rake, λ (deg) 90 90 90 90
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Table 3: The seismic parameters for 5 fault segments
(Grilli et al., 2007).

Parameters S1 S2 S3 S4 S5

xc(longitude) 93.00 92.33 91.63 91.03 91.30
yc(latitude) 3.83 5.22 7.41 9.70 11.70

Depth, d (km) 25 25 25 25 25
Length, L (km) 220 150 390 150 350
Width, W (km) 130 130 120 95 95

Slip, ∆ (m) 18 23 12 12 12
Strike, φ (deg) 323 348 338 356 10
Dip, δ (deg) 12 12 12 12 12

Rake, λ (deg) 90 90 90 90 90

Table 4: The seismic parameters for 6 fault segments (Lay
et al., 2005).

Parameters S1 S2 S3 S4 S5 S6

xc(longitude) 94.7 93.6 92.6 92.1 91.6 91.4
yc(latitude) 2.1 3.6 5.3 6.6 8.5 11.0
d (km) 22 22 22 22 22 22
L (km) 210 210 163 163 285 285
W (km) 240 240 170 170 160 160
∆ (m) 10 14 10 10 17 5
φ (deg) 324 330 340 340 356 5
δ (deg) 10 10 15 15 15 15
λ (deg) 90 90 90 90 90 90

NUMERICAL RESULTS

Validation with Gaussian wave in homoge-
nous bathymetry

After we simulate the propagation of Gaussian wave in
the domain with homogenous bathymetry, we record the
maximum height and first arrival time at 16 virtual gauge
stations. The result is presented as Table 5 with the result
of FUNWAVE program.

The absolute percentage error is used to analyze the ac-
curacy of our implementation (Table 6) that can be writ-
ten as

APE =
|x− x0|
x0

× 100, (12)

where x is observed data and x0 is reference data.

Table 5: The simulated results in this work that is com-
pared with results of FUNWAVE.

FUNWAVE This work
No. Maximum 1st arrival Maximum 1st arrival

height (m) time (hour) height (m) time (hour)

1 0.4966 2.7670 0.7236 0.7060
2 0.4978 2.7510 0.7235 0.7060
3 0.4978 2.7510 0.7235 0.7060
4 0.4966 2.7670 0.7236 0.7060
5 0.5735 2.0690 0.8635 2.0100
6 0.5726 2.0500 0.8634 2.0100
7 0.5726 2.0500 0.8634 2.0100
8 0.5735 2.0690 0.8635 2.0100
9 0.7036 1.3680 1.0920 1.3100
10 0.7002 1.3520 1.0920 1.3100
11 0.7002 1.3520 1.0920 1.3100
12 0.7036 1.3680 1.0920 1.3100
13 0.9944 0.6678 1.5860 0.6140
14 0.9945 0.6678 1.5860 0.6140
15 0.9945 0.6678 1.5860 0.6140
16 0.9944 0.6678 1.5860 0.6140

Table 6: The absolute percentage error of maximum
height and first arrival time in this work that is compared
with results of FUNWAVE.

No. APE of APE of
maximum height (%) 1st arrival time (%)

1 45.71 2.20
2 45.34 1.64
3 45.34 1.64
4 45.71 2.20
5 50.57 2.85
6 50.79 1.95
7 50.79 1.95
8 50.57 2.85
9 55.20 4.24
10 55.96 3.11
11 55.96 3.11
12 55.20 4.24
13 59.49 8.06
14 59.48 8.06
15 59.48 8.06
16 59.49 8.06
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Result of an Okada fault segment in the
Indian Ocean

Tsunami profile at some gauge stations with tsunami data

These are the tsunami profile of our simulation that we
choose 8 stations to compare with tsunami data for the
2004 Indian Ocean Tsunami; Hannimaadhoo, Male, Gan,
Deigo Gracia, Columbo, Cocos Island, Taphao Noi, and
Mercator yacht.

Figure 8: Tsunami profile for 8 gauge stations with
tsunami data for the 2004 Indian Ocean Tsunami.

Tsunami profile with Koh et al. (2009)’s result

Furthermore, we set 3 gauge stations (Penang, Langkawi,
and Phuket) to improve our tsunami profile by comparing
with Koh et al. (2009)’s result that there are presented in
Figure 9 and 10,

Figure 9: Tsunami profile for 3 gauge stations in our sim-
ulation.
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Figure 10: Tsunami profile for 3 gauge stations in Koh et
al. (2009).

The result of static rupture of 4 Okada
fault segments

These are the tsunami profile of our simulation that we
choose 5 stations to compare with tsunami data for the
2004 Indian Ocean Tsunami; Hannimaadhoo, Male, Gan,
Deigo Gracia, and Cocos Island. In addition, these results
are compared with numerical results of Arcas and Titov
(2006), too.

Figure 11: Tsunami profile for 5 gauge stations in our
simulation.
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Figure 12: Tsunami profile for 5 gauge stations in Arcas
and Titov (2006).

The result of static rupture of 5 Okada
fault segments

These are the tsunami profile of our simulation that we
choose 8 stations to compare with tsunami data for the
2004 Indian Ocean Tsunami; Hannimaadhoo, Male, Gan,
Deigo Gracia, Columbo, Cocos Island, Taphao Noi, and
Mercator yacht. In addition, these results are compared
with numerical results of Grilli et al. (2007), too.

Figure 13: Tsunami profile for 8 gauge stations in our
simulation.
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Figure 14: Tsunami profile for 8 gauge stations in Grilli
et al. (2007); (a) Hannimaadhoo, (2) Male, (3) Gan, (4)
Deigo Gracia, (5) Columbo, (6) Cocos Island, (7) Taphao
Noi, and (8) Mercator yacht

The result of static rupture of 6 Okada
fault segments

These are the tsunami profile of our simulation that we
choose 8 stations to compare with tsunami data for the
2004 Indian Ocean Tsunami; Hannimaadhoo, Male, Gan,
Deigo Gracia, Columbo, Cocos Island, Taphao Noi, and
Mercator yacht.

Figure 15: Tsunami profile for 8 gauge stations in our
simulation.

SUMMARY

At the present, we can solve the 2D nonlinear shallow-
water equations by using the same finite difference method.
The first-order upwind scheme is used to solve the non-
linear terms in momentum equations along x- and y-axis.
This technique can create artificial oscillation, so the first-
order Shapiro filter is used to remove this effect.

Then this code to simulate the propagation of 2004 In-
dian Ocean Tsunami as three experiments; the simulation
of a Gaussian wave in a homogenous bathymetry, the sim-
ulation of an Okada fault segment in the Indian Ocean,
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and the simulation of static rupture of 4-6 Okada fault
segments.

The first experiment is used to validate our implemen-
tation by comparing the tsunami predictions (a maximum
height and a first arrival time) between our code and FUN-
WAVE program. The physical domain is the 50circ × 50◦

with a water depth of 5,000 meters. We set the 16 vir-
tual gauge stations that aline along West-East and North-
South direction. By using the absolute percentage error,
it results that our code results in the low accuracy of max-
imum height (about 59.49 %) and intermediate accuracy
of first arrival time.

The second experiment is the simulation of an Okada
fault segment in the Indian Ocean. We get tsunami profile
at 8 gauge stations that are compared with tsunami data
of the 2004 Indian Ocean Tsunami. In addition, the nu-
merical result or tsunami profile is compared with the re-
sult of Koh et al. (2009) in 3 stations; Penang, Langkawi,
and Phuket.

The last experiment is the simulation of static rupture
of 4-6 Okada fault segments. The tsunami profiles of 4
Okada fault segments are compared with the result of Ar-
cas and Titov (2005) without analyzing the accuracy of
tsunami predictions. For the case of 5 Okada fault seg-
ments, the tsunami profiles of our simulation are com-
pared with Grilli et al. (2007)’s results.

However, these results should be analyzed by using an
error metric, for example, a root means square error and
absolute percentage error. In addition, this our imple-
mentation should be validated with another mathematical
model such as the Boussinesq and linearized shallow-water
equations in the future work.
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