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ABSTRACT

In this work, we study the dynamics of a pendulum
with a small magnet attached at the end of the pen-
dulum arm. The magnet interacts with a fluctuating
magnetic field generated by an electromagnet with an
alternative current passing through. The magnetic field
acts as the driving force so the system can be described
as a damped, forced oscillation. Unlike conventional
forced oscillation, the magnetic pendulum can exhibit
large-amplitude undamped oscillations at driving fre-
quencies higher than the resonance frequency. The key
differece is that in the magnetic pendulum system, the
driving force only acts at low angular displacement.
Experimental results show that the undamped oscilla-
tion amplitude is in the range of 10-20 Hz and oscilla-
tion amplitude is in the range of 12-24 degrees. Numer-
ical results from our mathematical model can simulate
undamped oscillation but are not yet in agreement with
the experimental results. The further model develope-
ment is required.

INTRODUCTION

There are various types of magnetic pendulum. The main
idia of the magnetic pendulum is that it is the pendulum
with magnet at the end of the arm. And there is the
force interacted with the pendulum which is the magnetic
force that come from other magnet or the interaction with
the magnetic field generated by the electromagnet from
Biot-Savart’s law described that when the electric current
passing through the electromagnet, it will generate the
magnetic field. In this case, the force act on pendulum
is due to the interaction with the magnetic field from the
electromagnet generated by alternative current (AC). We
called this oscillation is driven forced oscillation.
Speaking of forced pendulum, this magnetic pendulum

is difference. Because of the driving force only acts at low

angular displacement, the large-amplitude undamped os-
cillation occurs not only at the resonance frequency but
also at the certain frequencies. This is the key of un-
damped behavior.

Damgov (2000) thought that the force in interaction
zone can be represented by boxcar function which equal F
in the interval ±d

2 and zero otherwise, while F is the force
coefficient. But in fact, it shouldn’t be boxcar function
because the magnetic force is the inverse square force.
It just like the electric force F = kq1q2/r

2 but it is not
charge it is magnetic moment, F = km1m2/r

2 . It should
represent by other function, in this study show that it
represented by gaussian function. The adventage of using
gaussian function is it can represent the slow change of
the force when it away from the center and gently fade
away as force depend on 1/r2.

We would like to introduce the apparatus in this exper-
iment. As shown in Figure 1, there are function generator
on the left side that creates sine wave current. The right
hand side is amplifier that amplifies the signal from func-
tion generator through the output at center that is elec-
tromagnet to create magnetic field. The pendulum arm in
this case is the physical pendulum. This apparatus based
on Tennenbeum (2005), but the pendulum in this case is
the physical pendulum.

In this report, it will cover the concept of being un-
damped oscillation, how we study the pendulum, the re-
sults from both experiment and numerical, and the prob-
lem with experiment.

THEORY AND METHODS

This section contains three parts, first is type of oscilla-
tion, the second is the concept in which the pendulum stay
undamped, and the last one is how we study the pendu-
lum, it also cover the model that we study and how we
find it.

I will introduce the three types of oscillation which
are simple harmonic oscillation, damped oscillation, and
driven forced oscillation plus this magnetic pendulum os-
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Figure 1: The apparatus in this experiment

cillation. First of all, we need to introduce the concept of
oscillation. In ideal system, there are two force on the sys-
tem that are restoring force and force from inertia. The
restoring force is the force that bring the system to the
equilibrium and inertia is the resistance of any physical
object to any change in its state of motion.
In case of simple harmonic oscillation, the restoring

force is propotional to displacement, such as angular dis-
placement. The amplitude of oscillation is stay the same,
since there is no force that lose energy from the system.
We can write the equation of motion from Newton’s law
of motion in angular part

τnet = Iα (1)

−mgl sin θ = Iθ̈ (2)

Since angle in simple harmonic oscillation isn’t large,
we can approximate sin θ ≈ θ. And the moment of inertia
of light pendulum is I = ml2. Therefore the equation of
motion in simple harmonic oscillation is

θ̈ +
g

l
θ = 0 (3)

θ̈ + ω2
0θ = 0 (4)

Which we call ω0 is the natural frequency of the system
which equal to

√

g/l. We can find the exact solution is

θ(t) = A cos(ω0t− φ) (5)

While A is the amplitude of the oscillation at t = 0 and
φ is initial phase. The graph relation between time and
angular displacement as seen in Figure 2
The figure 2 shows that the in simple harmonic oscilal-

tion, it oscillate at frequency eqal to natural frequency
√

g/l with the constant amplitude.
When the system has the force that lose energy from

system, we call this oscillation is damped oscillation, such
as drag force, friction force. The damping force that add
to the system depends on velocity, therefore we can ap-
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Figure 2: The function of angular displacement respect to
time of simple harmonics oscillation

proximate using only linear term as Fd = blω, while b is
drag coefficient and ω is angular velocity. The equation
of motion becomes

−mglθ − bl2θ̇ = Iθ̈ (6)

−
g

l
θ −

b

m
θ̇ = θ̈ (7)

Define ω0 =
√

g/l and a = b/m then the equation of
motion becomes

θ̈ + ω2
0θ + aθ̇ = 0 (8)

The exact solution of this equation is

θ(t) = Ae−(a/2)t cos(ω1t− φ) (9)

While A is the amplitude of the oscillation at t = 0 and a
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is the drag coefficient and ω1 =
√

ω2
0 − b2/4 and φ is ini-

tial phase. The graph relation between time and angular
displacement as seen in Figure 3
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Figure 3: The function of angular displacement respect to
time of damped oscillation

As you can see in Figure 3, the amplitude of the oscilla-
tion gradually decrease until it is zero. As in the solution
equation 9, the exponential term is the decresing term
that make the oscillation decreased until the time the am-
plitude is zero.
And when we have external force acts on system, we

call this oscillation is forced oscillation. Such as sinusoidal
force : Fdriv(t) = F sin(ωf t+φf ), while F is the amplitude
of driving force. The equation of motion becomes

θ̈ + ω2
0θ + aθ̇ = F sin(ωf t+ φf ) (10)

There is a exact solution comes from the homogeneous
solution plus only one particular solution as

θ(t) = Ae−(a/2)t cos(ω1t− φ) +B cos(ωf t− δ) (11)

While A is the amplitude of the oscillation at t = 0 and
φ is initial phase, both of it come from initial condition.
And B and δ can be calculated from

B =

√

F 2

(ω2
0 − ω2

f )
2 + a2ω2

f

(12)

δ = arctan

(

aωf

ω2
0 − ω2

f

)

(13)

We can see that at the first term it is the transient term,
once in long time the first term is decay and the second
term is dominated. The oscillation will oscillate at fre-
quency ωf with unchanging amplitude for as long as the
driving force is maintained. But this solution isn’t the

general solution, thereforce this solution can’t predict mo-
tion at all time, this particular solution can describe the
oscillation at long time but not at transient time. There-
fore there should be more particular solutions that corre-
sponding to homogeneous equation add to be the general
solution.

The graph relation between time and angular displace-
ment as seen in Figure 4
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Figure 4: The function of angular displacement respect to
time of driven forced oscillation

As shown in Figure 4, the amplitude at long time is
constant and oscillate with some certain frequency. As in
equation 11, if the time is long, the first term will disap-
pear and second term is dominated.

If we talk about large amplitude of the oscillation at
long time, we will see that if ωf is equal to ω0, the ampli-
tude of the oscillation at long time will be B = F/(aωf ).
If we plot graph with frequency to square amplitude, as
shown in Figure 5
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Figure 5: Resonance curve of forced oscillation

There is only one frequency that take the amplitude of
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Figure 6: (Left)The illustration of the pendulum. (Right) Gaussian function

the oscillation to be large and gives undamped oscillation.
That frequency is called resonance frequency.
But if we talk about the magnetic pendulum in this

study, as we said earlier, we observe that large ampli-
tude undamped oscillation occur not only at resonance fre-
quency but also at other certain frequency. And sinusoil-
dal force in this case is causing from passing AC through
electromagnet that create magnetic field with north pole
alternate with south pole. The equation of motion of mag-
netic pendulum is

Iθ̈ +mgl sin θ + blθ̇ = F (θ) sin(ωf t+ φf ) (14)

In this case, we need to introduce the moment of inertia of
this pendulum, because the our apparatus is the physical
pendulum as Figure 6 (Left) then

I = Iring at end + Irod at end + parallel axis contribution (15)

I =
1

2
mring(r

2
1 + r22) +

1

3
mrodl

2 +mrodr
2
2 (16)

and we cannot approximate sin(θ) ≈ θ, since the angle
isn’t small as it have been. And the term F (θ) is the
FG(θ), while F is the force amplitude and G(θ) is the
gaussian function. As Figure 6 (Right)
Term φf is added due to the initial phase of the function

generator.
Since equation of motion in equation (14) isn’t linear di-

ferrential equation, the exact solution doesn’t exist. There
is approximate solution but it is quite difficult to solve an-
alytically. We can solve this equation by using numerical
calculation and obtain the numerical solution that have
only the numeral. We can plot solution to see trend of
the solution. To calculate numerically second order ODE,
we can split into two first order ODE.

dθ̇

dt
= −

mgl

I
sin θ −

bl

I
θ̇ +

Fl

I
sin(ωf t+ φf )

dθ

dt
= θ̇

And using the numerical method that calculate the dif-
ferentiate, such as 4th order Runge-Kutta (RK4). We use
this method because of it have the most accuracy compare
with computer cost. Denote that f(x, y) is the slope at
(x, y). RK4 method using four slope (k1 − k4) and weight
to be the average slope that use to predict next point.

k1 = f(x0, y0)

k2 = f(x0 +
h

2
, y0 +

h

2
k1)

k3 = f(x0 +
h

2
, y0 +

h

2
k2)

k4 = f(x0 + h, y0 + hk3)

y1 = y0 +
h

6
(k1 + 2k2 + 2k3 + k4)

The key concept of large amplitude undamped oscilla-
tion is that when the pendulum begins at large amplitude
and go to the interaction zone if the pendulum gain energy
from the driving force enough to compensate the losing en-
ergy from drag force, the oscillation will be undamp and
can visualize as Figure 7 that plus side is gaining energy
and minus sign is losing energy.

But saying that doesn’t quite true, it should add the
word “at asymtotic time” because at the transient time
the pendulum doesn’t oscillate undamped evenly. It seem
to be undamped oscillation but the amplitude is not the
same, it up and down until it is in steady state. Therefore
at asymtotic time the system will oscillate undamped.

The method how we study is first of all we need the
data in the experiment obtained by recorded the video in
120 frames per second, and using MATLAB to track the
pendulum and obtain data. The reason why we use MAT-
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Figure 7: The visualization of how the pendulum stay
undamped

LAB instead of Tracker program. Because when we track
in Tracker, the position of the pendulum shift little by
little, after that the tracking position is missing as shown
in Figure 8 (Left). Therefore we develop the graphic user
interface (GUI) in MATLAB program as shown in Figure
8 (Right) to track the position of the pendulum instead.
When we have real data we need to know the param-

eter in our model, such as drag coefficient. We use the
numerical simulation, RK4 in this case, to estimate the
parameter by matching with real data. We also develop
the GUI MATLAB program for estimating the parameter
easily as shown in Figure 9
After obtain parameter, we will simulate to find the

condition that is large amplitude undamped oscillation.
And compare with the real experiment.

RESULTS

The result from finding parameter is that the linear drag
coefficient is about 0.8 and quadratic drag coefficient is
about 0.01 as shown in Figure 9 .
The result from experiment is that the large amplitude

undamped oscillation occur at frequency equal to 10-20 Hz
which has amplitude equal to 12-24 degree. As in figure
10
And from the results show that at difference initial

phase of driving force, the results of the experiment is
different. We cannot know initial phase of driving force
exactly what it is. It affects the result that at one initial
phase it is undamped oscillation, while at other one this
result isn’t undamped oscillation as shown in Figure 11
But in the numerical simulation, we found that the large

amplitude undamped oscillation is at frequency 3.78 and
5.41 Hz with amplitude equal to 15 and 16 degree as shown
in Figure 12
There are several drawbacks in this experiment. First

is the friction on the system. Since this pendulum arm
is the physical pendulum, the friction is large. When the
friction is large, it means that the energy losing from the
system is large. Therefore the system can’t sustain the
undamped behavior. Causing that we can’t find the large
amplitude undamped oscillation at higher initial angu-
lar displacement. Second problem is unknowning initial

phase of driving force. Thereforce we have to try sev-
eral times to occur large amplitude undamped oscillation.
The key problem is that we can’t know and control the
initial phase of driving force. Resulting in we may missing
some initial angular displacement that make large ampli-
tude undamped oscillation and hard to analysis. The last
problem is that the waveform of the function generator
at low frequency isn’t seem to be sine wave. It may be
the result of function generator cutt a square wave to be
sine wave, but in lower frequency it doesn’t have efficiency
enough. So the sine wave is not pure sine wave and when
it is amplified the wave form looks terribly. The key is
that this pendulum has the natural frequency about 0.76
Hz. And we cannot generate the wave that is pure sine
wave at low frequency as shown in Figure 13. As you can
see this is not sine wave at all.

SUMMARY

The experiment shows that the large amplitude undamped
oscillation occurs at frequency 10 and 20 Hz and has am-
plitude at 12 and 24 degree respectively.

There are several drawbacks that make it is hard to
analysis. Those are large riction in system, unknowing
initial phase of driving force and also it is uncontrollable,
and last one is function generator can’t generate sine wave,
which is pure sine wave at low frequency.

The numerical simulation from our model can simulate
the undamped oscillation that occur at frequency 3.78 and
5.41 Hz. But cannot be agreement well with real experi-
ment. Therefore the further model need to be developed.
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Figure 8: (Left) Drawback of Tracker program. (Right) GUI tracking program

Figure 9: GUI for estimating parameter in MATLAB
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Undamped Oscillation at f = 10 Hz

0 10 20 30 40 50 60
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

time (s)

th
et

a 
(r

ad
ia

ns
)

Undamp oscillation at f = 20 Hz

Figure 10: Undamped oscillation at frequency 10 Hz with amplitude 12 degrees (left) and at frequency 20 Hz with
amplitude 24 degrees (right)
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Figure 11: The difference between two figures is the difference in phase, the rest is the same
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Figure 12: Undamped oscillation at frequency 3.78 Hz with amplitude 15 degrees (left) and at frequency 5.41 Hz with
amplitude 16 degrees (right)
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Figure 13: The signal from oscilloscope at low frequency (5 Hz)


