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ABSTRACT

We simulate flow around a square cylinder by solv-
ing the incompressible Navier-Stokes equations to
study the characteristics and flow pattern for various
Reynolds numbers (Re). The 2D time-dependent prob-
lem is solved on a rectangular domain by using a finite
difference method on a staggered grid, an implicit vis-
cosity step, and a projection method for the pressure.
For a steady-state laminar flow between fixed parallel
plates (without square cylinder), the velocity profiles is
consistent with the theory. With the present of a body,
we can simulate the von Karman vortex street.

INTRODUCTION

Most fluid dynamics problems cannot be solved analyti-
cally. One way to obtain their approximate solutions is
a numerical approximation. The numerical accuracy de-
pends on numerical method used. Numerical solutions
can then be visualized as images to aid the analysis of the
problem.

Actually, drag force do not depends only on velocity of
fluid flow. The drag coefficient is not a constant along
the trajectory of a object. The drag force can compute
from pressure around the object. Thus, we need to know
the characteristics of fluid flow to compute the pressure.
Obviously fluid mechanic play a role in this work.

The flow past bluff bodies, especially cylinders, have
been an attraction in all kinds of fluid mechanical inves-
tigations for a long time. Most of these studies were con-
cerned with circular and square cylinder cases under free
flow condition. In this work, we study the pattern of flow
past a square cylinder at various Reynolds numbers (Re)
by following Seibold’s process Seibold (2008) using the
physical setting proposed by Breuer (Breuer and Berns-
dorf, 2000)

THEORY

We consider the 2D incompressible Navier-Stokes equa-
tions in nondimensional forms on a rectangular domain
(Fox et al., 2006).
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where u is the flow velocity in x axis, v is the flow velocity
in y axis, p is the pressure, and Re is the Reynolds number
(ρUd/µ).

The momentum equations (2.1) and (2.2) describe the
time evolution of the velocity field under inertial and vis-
cous forces. The conservation of mass is achieved through
the continuity equation (2.3) for incompressible flow. The
Reynolds number is defined as the ratio of inertial forces to
viscous forces. The Reynolds number can be used to deter-
mine dynamic similitude between laminar and turbulent
cases of fluid flow.Laminar flow occurs at low Reynolds
numbers, where viscous forces are dominant, and is char-
acterized by smooth, constant fluid motion. Turbulent
flow occurs at high Reynolds numbers and is dominated
by inertial forces, which tend to produce chaotic eddies.

Numerical Solution Approach

We split the whole process by computing intermediate ve-
locities (u∗, v∗, u∗∗, and v∗∗) to obtain the solution at next
time step (un+1, vn+1,and pn+1). The general approach
of the code is described in Section 6.7 in the book Com-
putational Science and Engineering (Strang, 2007).
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Nonlinear convection terms

The convection terms are rearranged closer to a conserva-
tion form by using equation (2.3) and chain rule.
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The RHS (convection terms) of equation (3.1) and (3.2)
are treated explicitly to obtain intermediate velocities (u∗,and
v∗).
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Viscosity term

To obtain the intermediate velocities (u∗∗, and v∗∗), We
compute the viscosity terms implicitly such that the nu-
merical scheme is unconditionally stable. Thus, two linear
systems have to be solved at each time step.
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Pressure correction

We can compute the solution at next time step (un+1

and vn+1) by the gradient of a pressure at next time step
(pn+1).
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In vector notation the correction equations read as

un+1 − u∗∗
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All of the work we have done so far, we solve it on the
plane that is not divergence-free (∇ · u 6= 0). We now
project the solution on divergence-free plane by applying
the divergence to both and using incompressible condition
(∇ · u = 0).
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Thus we solve Poisson equation (3.10) to obtain the pres-
sure at next time step and then calculate the velocity at
next time step (un+1 and vn+1).

Figure 1: Staggered grid with boundary cells (Seibold,
2008)

Discretization

We consider the discretization on a nx×ny staggered grid
with the pressure P in the cell midpoints, the velocities
U placed on the vertical cell interfaces, and the veloci-
ties V placed on the horizontal cell interfaces. As in the
figure 1, Any point truly inside the domain is an interior
point, while points on or outside boundaries are boundary
points. Dark markers in Figure 1 stand for interior points,
while light markers represent boundary points.

Nonlinear convection terms

Because u and v are different positions in the grid point,
the product of u·v is not directly defined as equation (3.3)
and (3.4). We compute these quantities by interpolating
two neighboring values in the cell centers by averaging,
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analogously for the component v.

Numerical approximation

The first derivative in a grid point can be approximated
by the centered finite differences at middle point.(
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where hx is grid spacing in x axis. Finite differences can
approximate second derivatives in a grid point by a cen-
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SETTING

Figure 2: Setting Condition

The problem configuration is similar to the one by Breuer
as shown in Figure 3.2: it has a cylinder with square cylin-
der with diameter (width) D mounted and centered inside
a plane channel of H with blockage ratio B = 1/8. The
channel length L was fixed at L/D = 50 to reduce the
influence of in flow and out flow boundary condition.

Boundary Condition

Figure 3: Boundary Condition

In order to simulate a fully developed laminar channel
flow upstream of the square cylinder, a parabolic veloc-
ity profile is prescribed at the channel inlet. The velocity
in normal direction to boundary does not changes in the
outlet. we apply no-slip condition at the wall and square
cylinder. A stagnation pressure condition assumes stagna-
tion conditions outside the boundary so that the velocity
at the boundary is zero. Zero static pressure condition as-
sumes only that the normal fluid velocity at the boundary
has a zero gradient.

Figure 4: Vorticity contour plot of results at t = 15: a)
Re = 10; b) Re = 40; c) Re = 60; d) Re = 80.

NUMERICAL RESULTS

At small Reynolds numbers (10 < Re < 70), the flow sep-
arates at the trailing edges of the cylinder and a closed
steady recirculation region consisting of two symmetric
vortices is observed behind the body. The size of the re-
circulation region increases with increase in Re. When
a critical Reynolds number Recri is exceeded about 80,
the well-known von Karman vortex street with periodic
vortex shedding from the cylinder can be detected in the
wake.

Figure 5: Vorticity contour plot of results at t = 15 for
Re = 120

Vorticity contour plot (~ω = ∇×~u) describes the rotation
of fluid. As in the bottom left of figure 3, the fluid is
moving in a counter-clockwise direction but is moving in
a clockwise direction in the bottom right. Vortices move
backward, so the fluid move and oscillate behind a square
cylinder.

Since this problem is symmetrical flow around a square
cylinder, then why increase of Re results in the symme-
try breaking of the flow. We expect vortex streets start
on one side of a body or the other due to some slight
random fluctuation from upstream symmetry in physical
experiments and due to rounding error. And we try to
investigate why asymmetry occur at low Re (Re = 10) in
our future work.
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CONCLUSION

We simulate flow around a square cylinder by solving the
incompressible Navier-Stokes equations by using a finite
difference method on a staggered grid, an implicit viscos-
ity step, and a projection method. Finally, The von Kar-
man vortex street can be simulated when Recri ≈ 80. And
the method will diverge about Re ≈ 190 (for time step =
0.02).

As we expect the symmetry breaking occur because of
rounding error. To test the hypothesis, we can do it by de-
creasing of grid space and time step to check whether the
von Karman vortex street occurring at the same Reynolds
number. And this is our future work.
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