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Least-Squares Finite Difference Operator

Wisart Thongyoy and Chaiwoot Boonyasiriwat

ABSTRACT

Finite difference (FD) method is a numerical method
for solving partial differential equations (PDEs). When
it is applied to solve the wave equation with a large grid
size, numerical dispersion can occur. To minimize the
numerical dispersion, one can use least-squares opti-
mization to obtain FD coefficients with higher accu-
racy. Zhang and Yao (2013a) suggested to use simu-
lated annealing, a global optimization method, for opti-
mization in the infinity norm. However, this method is
very time comsuming. In this work, we show that opti-
mized FD coefficients with comparable accuracy to the
previous work can be obtained with much less compu-
tation time using least-squares optimization. Another
benefit of least-squares optimization in this case is that
the resulting problem is linear and the global solution
can be obtained easily. We also observe that both our
results and the results from Zhang and Yao (2013a)
have high dispersion coefficient error at low wavenum-
bers, so we construct an objective function based on
dispersion coefficient. The result shows smaller disper-
sion error, but ithe range of wavenumber coverage is
also narrower. Finally, we also show the efficiency and
effectiveness of optimized FD compared to conventional
FD in a synthetic study.

INTRODUCTION

Finite difference (FD) method is one of the most widely
used methods for solving PDEs. The main drawback of
the conventional FD method is that when it is applied to
wave propagation problem using a coarse grid, large nu-
merical dispersion occur. One of the methods to improve
the conventional FD method was proposed by Zhang and
Yao (2013a) and Zhang and Yao (2013b). The idea is to
seek for a set of FD coefficients that minimizes numeri-
cal dispersion. They constructed an objective function to

evaluate the accuracy of the optimized FD operator, then
tried to select a proper error limitation and build three
criteria that the optimized FD operators should obey.
Finally, they applied the simulated annealing algorithm
(proposed by Kirkpatrick et al. (1983)) to search for the
operator that best satisfies the constraint.

In this work, we try to find a better way to seek for
a group of optimized coefficients. Since the simulated
annealing algorithm is based on randomness, the search-
ing for the FD operator can be a lot slower than gra-
dient methods such as Newtons, and Conjugate gradient.
Fist, we construct a new objective function based on least-
squares by transforming an approximation to the Fourier
domain. The results show that our least-squares opti-
mization give a comparable results as the previous work
with a little narrower wavenumber coverage. The simu-
lations of 2D wave propagation in homogeneous medium
also suggested almost the same results as previous work,
optimized FD can reduce numerical dispersions. We also
observe a dispersion coefficient of our results and the result
of Zhang and Yao (2013a), we found that the dispersion
coefficient of both results have a high error event at small
wavenumbers.

According to the disadvantages, the high error at small
wavenumber, we construct a new objective function with
dispersion coefficient based. The accuracy analysis show
that this dispersion based objective function give narrower
wavenumber converage than the original objective func-
tion, but, the error is smaller due to the vary of error which
is small in a small wavenumber region and larger when it
approach maximum wavenumber coverage. The simula-
tions of 2D wave propagation in homogeneous medium
show that the dispersions of dispersion based method is
higher than original one, however, it can better conserve
the shape of wavelet.

Finally, we do an efficiency analysis to describe the im-
provement of optimized FD. The numerical results show
that optimized FD have to use grid points per wavelength
only 60% of that of conventional method. However, the
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2 Thongyoy and Boonyasiriwat

simulation result show that the optimized FD is compa-
rable to conventional method when using grid points per
wavelength at 90%.
Unexpectedly, we also found the our work is not a novel

work, our first objective function was also published by
Liu (2013), they also discuss about the relation of chang-
ing upper limit of wavenumber and error-threshold. Our
dispersion based method was also published by his paper
with a bit difference of designing the objective function.

CONVENTIONAL FINITE-DIFFERENCE
OPERATOR

Based on the Taylor’s expansion, the Finite-Differrence(FD)
method can approximate derivatives by truncation of higher-
order terms. For example, the approximation by FD of
first and second derivative with second-order approxima-
tion (the error term), respectively, are

df(x)

dx
=

1

∆x

f(x+∆x)− f(x−∆x)

2
+O(∆x2), (1)

d2f(x)

dx2
=

1

(∆x)2
[f(x+∆x)− 2f(x) + f(x−∆x)] +O(∆x2),

(2)

where ∆x is grid interval of spatial direction x, andO(∆xn)
is the error of approximation. We can also write these ap-
proximations in a more generalized form as

dmf(x)

dxm
≈ 1

(∆x)m

N/2∑

n=−N/2

bnfn, (3)

where m is the order of derivative, fn = f(x + n∆x), bn
are constant FD coefficients, and N is the order of approx-
imation. In this work, we aim to seek for an optimized set
of FD coefficients (bn).

SPATIAL DERIVATIVE IN THE FOURIER
DOMAIN

We transform the spatial derivatives into the wavenumber
domain as follows (see Appendix A)

∂mf(x)

∂xm
⇀↽ (ikx)

mF (kx), (4)

where kx is wavenumber and i =
√
−1. By using Fourier

transform, we can exactly evaluate the spatial derivative
in wavenumber domain. Next, we transform equation 3
into the wavenumber domain for m = 1 and m = 2, re-
spectively as (see Appendix A)

ikx ≈ i

∆x

N/2∑

n=−N/2

bn sin(nkx∆x), (5)

−k2x ≈ 1

(∆x)2

N/2∑

n=−N/2

bn cos(nkx∆x). (6)

OPTIMIZED FINITE DIFFERENCE
OPERATOR BY LEAST-SQUARES

Optimized Finite-Difference Operator Through
Least-Squares Inversion
We seek for coefficients bn of optimized FD operator that
minimized the least-squares objective functions

E =
1

2


kx∆x−

N/2∑

n=−N/2

bn sin(nkx∆x)




2

, for m = 1,

(7)

E =
1

2


−k2x(∆x)2 −

N/2∑

n=−N/2

bn cos(nkx∆x)




2

, for m = 2.

(8)

Now we can see that our objective functions depend only
on one value of kx, so if any value of kx is used with
these objective function we will get a difference group of
coefficient based on a value of kx. However, we can elim-
inate this disadvantage by summing up all the objective
functions from difference value of kx that we want to min-
imize, this brings the new objective function as follows.
For m = 1,

E =

kc∑

i

1

2


k(x,i)∆x−

N/2∑

n=−N/2

bn sin(nk(x,i)∆x)




2

.

(9)

For m = 2,

E =

kc∑

i

1

2


−k2(x,i)(∆x)2 −

N/2∑

n=−N/2

bn cos(nk(x,i)∆x)




2

,

(10)

where kc is a selectable upper limit. Now our objective
functions can calculate a group of coefficients that mini-
mized in some region of kx(0 ∼ kc), but what ∆x should
be. By considering the range of value of kx, for any sig-
nal, the greatest wave number that can be detected is the
Nyquist wavenumber which is equal to k(x,max) = π/∆x,
and the minimum value of kx is k(x,min) = 0, thus, kx ∈
[0, π/∆x]. Here, we define a new variable k = kx∆x, so
our new variable has a range as follow k ∈ [0, π]. Then
we substitute kx∆x with k, which give our final objective
function as

E =

kc∑

i

1

2


ki −

N/2∑

n=−N/2

bn sin(nki)




2

, for m = 1,

(11)

E =

kc∑

i

1

2


−k2i −

N/2∑

n=−N/2

bn cos(nki)




2

, for m = 2.

(12)
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Optimization by linear least-squares

Generally the least-squares optimization problem can be
solved by using conventional gradient like methods such as
steepest descend or Newton’s moethod, but for our prob-
lem the Hessian matrix is constant which bring a linear
problem. Therefore, the problem can be solved easily by
solving a matrix equation. Before going through these
matrix equations, the two criteria are set up based on the
conventional FD,(1) the coefficient should be real number
bn ∈ R, and the operator should be symmetric for even or-
der derivatives (i.e., b−n = bn) and be anti-symmetric for
odd order derivatives (i.e., b−n = −bn); (2) for even order

derivatives,
∑N/2

n=−N/2 bn = 0, this comes from the case of

kx = 0 (i.e. kx = 0 for −k2i =
∑N/2

n=−N/2 bn cos(nki)). For
odd derivative, the equation is automatically true since
sin(0) = 0.
By using these rules, the number of coefficients that

we have to seek for are reduced to only N/2, since b0 =

−2
∑N/2

n=1 bn for even derivatives and b0 = 0 for odd deriva-
tives. Thus we can find the whole operator by purely de-
termine the independent coefficients b1 ∼ bN/2 (or b−N/2 ∼
b−1).
Thus, the matrix equation for first derivative is

2




sin(k0) sin(2k0) sin(3k0) · · · sin(Nk0/2)
sin(k1) sin(2k1) sin(3k1) · · · sin(Nk1/2)

.

.

.
.
.
.

.

.

.
. . .

.

.

.
sin(kc) sin(2kc) sin(3kc) · · · sin(Nkc/2)







b1
b2
..
.

bN/2


 =




k0
k1
.
.
.
kc


 ,

(13)
and for the second derivative is

−2




cos(k0) cos(2k0) cos(3k0) · · · cos(Nk0/2)
cos(k1) cos(2k1) cos(3k1) · · · cos(Nk1/2)

..

.
..
.

..

.
. . .

..

.
cos(kc) cos(2kc) cos(3kc) · · · cos(Nkc/2)







b1
b2
..
.

bN/2


 =




k20
k21
.
..
k2c


 .

(14)

In this work, instead of using the real value of k we use
k as percent of the maximum value (π), thus, k0 = 0 and
ki+1 = ki + dk, where dk = 0.01 ,and kmax = 100.

The error threshold

As we can see from the results of Zhang and Yao (2013a),
the effect of the optimization is to slightly vibrate the error
in the region of small values of k, here the limitation of
the vibration’s amplitude is defined as our error threshold.
The job is to seek for kc that obey this rule. To compare
our result with the previous work, the error threshold is
set to be ǫ = 0.0001.

Numerical results

Figure 1 and Figure 2 show the results of plotting between
percentage of Nyquist wave number and the error of ap-
proximation of 1st and 2nd derivative respectively. We
can see that, for both method, the error curves of opti-
mized FD coefficients vibrate within the error limitation.
The error curves proposed from Zhang and Yao (2013a)
can cover wavenumber a bit greater than optimization by

least-squares. However, the amplitude of the vibration be-
fore the last peak of least-square is a bit less than Zhang
and Yao (2013a).

2D wave propagation in homogeneous medium

To disscuss further about accuracy, we simulate a 2D wave
that propagate in homogeneous medium with condition
show in Table 3, where the appearance of Ricker wavelet
is shown in Figure 3.

To analyze the dispersions, we adopt a 2D wave simu-
lation by Spectral method which has very high accuracy
and can be implied as an exact solution (very small dis-
persions).

Figure 4 show the comparison of 2D wave propagation
between conventional FD 12th-order, Spectral method,
conventional FD 8th-order, and optimized FD 8th-order.
We can see that when using the same FD order, 8th-order,
the result show that optimized FD gives smaller disper-
sions than conventional FD, its dispersions also compara-
ble to the result of conventional FD 12th-order. However,
we also observed that optimized FD give extra wavelets
near the main wavelet as can be seen as extra lines next
to the main wavelet. This should come from the error
that we accepted (error-threshold) when we designed an
objective function.

To see the effect of the error-threshold, we plot the com-
parision between 8-th order optimized FD with various
error threshold, which is shown in Figure 5.

From Figure 5, the increasing of the error-threshold,
which means the increasing of wavenumber coverage, can
reduce the dispersion events, but, the from of wavelet also
be out of shape as much as the increasing of the error-
threshold.

Advantanges and flexibility of optimization
by Least-Squares

Since the optimization by least-squares can be prepared
by solving a matrix equation, the optimization uses less
time than random method such as simulated annealing.
The optimization by least-squares also flexible to choose
the error-threshold by changing the value of kc as show
in Figure 6. The figure shows the accuracy of 8th-order
FD of 2nd derivative, the use of less kc automatically de-
creases the error-threshold. Thus, we can find the group
of optimized FD coefficients that fit to any value of error-
threshold. The minimum value of error-threshold is the
conventional FD. However, the least error-threshold also
brings the least coverage of wave number as well.

Dispersion analysis

One of the best way to analyze the accuracy of FD is to use
a dispersion analysis. By considering the 1D frequency-
domain scalar wave equation, and one-way frequency-domain
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scalar wave equation

∂2P

∂x2
= −ω2

v2
P, two-way wave equation, (15)

∂P

∂x
= i

ω

v
P, one-way wave equation, (16)

where v is the velocity, ω is the angular frequency, and P
is the scalar wave field. The dispersion coefficient of these
two equations can be written as (see Appendix B). For
two-way wave equation,

vph
v

=
ω/kx
v

=

(
−b0 + 2

∑N/2
n=1 bn cos(nk)

k2

)1/2

. (17)

For one-way wave equation,

vph
v

=
ω/kx
v

=
2
∑N/2

n=1 bn sin(nk)

k
, (18)

where vph is phase-velocity, and k = kx∆x. To see the
accuracy of optimized FD, we plot the dispertion coeffi-
cient that used optimized coefficients with percentage of
Nyquist wave number.
Figure 7 and Figure 8 show the disadvantage of this

method, we can see that in the range of low value of k
there are a huge error of dispersion coefficient. The error
at the low value of k can effect a very long wavelength (k =
2π/λ), which can bring a lot of error to an approximation.

AN OBJECTIVE FUNCTION BASED ON
DISPERSION COEFFICIENTS

To eliminate the disadvantage, one can construct a new
objective function based on dispersion analysis. Since
Vph/v should equal to one, then we can construct the ob-
jective functions as follows. For two-way wave equation,

E(k) =

(
1 +

b0 + 2
∑N/2

n=1 bn cos(nk)

k2

)2

. (19)

For one-way wave equation,

E(k) =

(
1− 2

∑N/2
n=1 bn sin(nk)

k

)2

. (20)

For two-way wave equation, we use (Vph/v)
2 = 1 instead

to keep the linearity of the objective function. Then, as
before, by summing up all objective function from differ-
ence value of k, we get, for two-way wave equation,

E(ki) =

kc∑

i

(
1 +

b0 + 2
∑N/2

n=1 bn cos(nki)

k2i

)2

, (21)

and for one-way wave equation

E(ki) =

kc∑

i

(
1− 2

∑N/2
n=1 bn sin(nki)

ki

)2

. (22)

Numerical results

To compare the dispersion based and the original one,
we seek for a group of FD coefficients by using disper-
sion based objective function, but, we observe the error-
threshold by passing the calculated groups of FD coeffi-
cients through equation 11 or 12, again we set the error-
threshold equal to 0.0001.

Figure 9 and 10 show the accuracy comparison between
our original least-squares and dispersion based, both fig-
ure show the characteristic of both methods in the same
way, we can see that dispersion based method gives less
wavenumber coverage than the original one. Furthermore,
the charactheristic of the vibration is difference, for the
original least-squares, the error vibrate almost steadily.
However, for dispersion based method, the amplitude of
the vibration increases exponentialy with the increasing
of wavenumber. The another interesting point is that dis-
persion based method gives a very low error in the low
region of wavenumber.

Figure 11 and 12 show the dispersion coefficient com-
parison between our original least-squares and dispersion
based. The results show the successful of dispersion based
method since the the error of dispersion coefficient in the
low region of wavenumber are decreased. However, the
wavenumber coverage also decrease, and some of the high-
est peak error also increase, for example, the peak error
of 4th- and 6th-order of both derivative.

2D wave propagation in homogeneous medium

To analyze further, as in Chapter 3, we simulate 2D wave
which propagate in homogeneous with the properties shown
in Table 3.

Figure 13 compare the dispersions and wavelet between
conventional FD 8th-order, Spectral method, optimized
FD with dispersion coefficient based 8th-order, and origi-
nal opimized FD 8th-order. The result show that disper-
sion based optmized FD give dispersions less than conven-
tional method and comparable to original optimized FD,
but, has a bit greater dispersions. To discuss further, as
before, we increase the error-threshold for both methods
as show in Figure 15 for disperion based and 5 which is
replotted in 14.

By comparing Figure 14 and 15, we can see that the dis-
persions of dispersion based optimized FD are decreased
less than original optimized FD with the increasing of
the error-threshold, but, it is clear that dispersion based
method can better conserve the shape of wavelet than
original method.

EFFICIENCY ANALYSIS

Numerical results

According to our results, we can see that optimized FD
brings a greater wavenumber coverage to the approxima-
tion. To measure the improvement, we compare the value
of grid points per wavelength which is the value that can
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implies to the computational time (the more grid point
the more computational time ) or the accuracy of approx-
imation. Since the wavenumber coverage from Zhang and
Yao (2013a) and the original least-squares are almost the
same, and we want to analyze only the effect of optimiza-
tion FD compare to conventional FD, then the results
from Zhang and Yao (2013a) are omitted.
Table 6 and 7 show the amount of grid points per wave-

length, form the result, it clearly that optimized FD (both
methods) uses a calculation time approximately only 60%
of the conventional method, or if we keep the amount
of grid points constant, it bring greater accuracy. This
amount of grid points per wavelength can also change by
changing the error-threshold, for example, if greater error
is accepted the grid points per wavelength is fewer.

2D wave propagation in homogeneous medium

As we before, again, we discuss further by considering
2D wave which propagates in homogeneous medium. In
this section, we vary a grid size (∆x) which implies to grid
points per wavelength by the relation gird points/wavelength
= λ/∆x. The numerical results suggested that the grid
points per wavelength of optimized FD (both method) is
approximately 60% of that of conventional FD, so we sim-
ulate the 2D wave by using 8th-order convention FD with
smaller grid size to compare with the optimized FD with
grid size equal to 5 m.
Figure 16 and 17 show the dispersions comparison be-

tween conventional FD 8th-order with grid spacing 3.5, 4,
and 4.5m with optimized FD 8th-order with grid spacing
5m. The results show that, for both methods of opti-
mization, the dispersions of optimized FD 8th-orderwith
grid spacing 5m are comparable to the dispersions of con-
ventional FD 8th-order with grid spacing 4.5m, this result
suggest that the grid spacing or grid points per wavelength
of optimized FD should be approximately 90% of that of
conventional FD instead of 60% which the numerical re-
sults suggested.

CONCLUSION

We have tried to construct new approaches that can over-
come disadvantages of searching a minimized group of FD
coefficients by simulated annealing, suggested by Zhang
and Yao (2013a) and Zhang and Yao (2013b), which is
computational expensive. We construct a objective func-
tion based on least-square optimization then setting up
two criterias and use the virtue of nyquist wavenumber.
Finally, we construct an objective function and found that
it is a linear problem which can be solved easily by solving
a matrix equation, this bring a very low calculation time.
After comparing our result with Zhang and Yao (2013a),
with the same error-threshold ǫ = 0.0001, we found that
our results can cover wavenumber a bit less than Zhang
and Yao (2013a) but the overall error is lower. Accord-
ingly, the simulation result also suggest that optimized
FD can reduce the dispersions event of simlation. We

also found the advantages and flexibility of optimization
by least-squares, first, it is very fast compare to simu-
lated annealing. Second, it can easily change the error-
threshold by changing the upper limit of interested region
of wavenumber(kc). Thus, we can construct a group of FD
coefficients that best fit to any error-threshold. To discuss
further, we analyze the results by using dispersion coeffi-
cient, the analysis show that our results and the results
of Zhang and Yao (2013a) have a high error of dispersion
coefficient in a low value region of wavenumber.

The disadvantage of high error is solved by constructing
a new objective function based on dispersion coefficients,
this objective function is still linear and can be solved by
matrix equation, the results show the successful of the
objective function, the errors in the low value region of
wavenumber are decreased. The simulation results show
that the orginal method can reduce disperions better than
dispersion based method, but the dispersion based can
better conserve the shape of wavelet.

For the efficiency, we compare amount of grid points per
wavelength of conventional and optimizaed FD, the results
show that the calculation time of optimized FD is about
60% of the conventional method for ǫ = 0.0001. However,
the simulation results suggest that it should be 90% in-
stead, this should be come from the effect of error that we
accecpt to our objective function (error-threshold).

To sum up, optmized FD can reduce dispersions of
increase accuracy of approximation of PDEs. We con-
struct to objective function one based on error in Fourier
domain, and one based on dispersion coefficient, both
method bring lower dispersion and higher accuracy than
conventional method. However, when we compare be-
tween these two methos we found that original method
is better when reducing disperion, but dispersion based is
better for conserve the shape of wavelet or the answer.

Finally, we also found the our work is not a novel work,
our first objective function was also published by Liu (2013),
they also discuss about the relation of changing upper
limit of wavenumber and error-threshold. Our dispersion
based method was also published by his paper with a bit
difference of designing the objective function.
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Table 1: Finite-difference coefficients for 1st derivative.
4th-Order 6th-Order 8th-Order 10th-Order 12th-Order

kc 17.82 30.87 41.47 49.73 56.16
k coverage 16.97 30.02 40.7 49.05 55.55
b1 0.67827896 0.77700725 0.83932599 0.88039931 0.90832181
b2 -0.08933900 -0.17303105 -0.24273904 -0.29712380 -0.33830663
b3 0.02310905 0.05931084 0.09864430 0.13502083
b4 -0.00800178 -0.02481461 -0.04667635
b5 0.00347582 0.01209163
b6 -0.00178613

Table 2: Finite-difference coefficients for 2nd derivative.
4th-Order 6th-Order 8th-Order 10th-Order 12th-Order

kc 25.42 39.20 49.91 58.00 64.16
k coverage 24.50 38.33 49.13 57.31 63.54
b0 -2.55390016 -2.81798742 -2.96923230 -3.06185527 -3.12141583
b1 1.36982232 1.57378592 1.70096941 1.78304206 1.83763174
b2 -0.09287224 -0.18208568 -0.25604913 -0.31259844 -0.35436474
b3 0.01729347 0.04469233 0.07387528 0.10009236
b4 -0.00499645 -0.01535231 -0.02831548
b5 0.00196105 0.00661843
b6 -0.00095440
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Figure 1: Accuracy comparison between optimized FD operator for the 1st derivative by Least-squares and by Zhang
and Yao (2013a)

Table 3: Properties of simulated 2D wave
Dimension 512x512 Grid spacing 5m
Time step 5e-04 Velocity 1500 m/s
Ricker wavelet 40 Hz peak Snapshots 1.5 s
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Figure 2: Accuracy comparison between optimized FD coefficients for the 2nd derivative by least-squares and by Zhang
and Yao (2013a)
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Figure 3: Ricker wavelet

Table 4: Finite-difference coefficients for 1st derivative (Dispersion based).
4th-Order 6th-Order 8th-Order 10th-Order 12th-Order

kc 17.14 29.21 39.54 47.83 54.42
k coverage 15.66 28.03 38.57 47.01 53.71
b1 0.67500890 0.77070762 0.83217633 0.87369847 0.90255480
b2 -0.08756464 -0.16729465 -0.24273904 -0.28794981 -0.32961431
b3 0.02130997 0.05452901 0.09161233 0.12705023
b4 -0.00678679 -0.02153328 -0.04161276
b5 0.00270335 0.00993314
b6 -0.00128438
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Figure 4: 2D wave propagation comparison between C12 : conventional FD 12th-order, Spectral method, C8 : conven-
tional FD 8th-order, and O8 : optimized FD 8th-order
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Figure 5: 2D wave propagation comparison between 8th-order optimized FD with error-threshold 1e-04, 5e-04, 1e-03,
and 5e-03.
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Figure 6: Accuracy of 8th-order FD of 2nd derivative optimized by least-squares using kc = 32, 39, 46, and 53, and the
conventional FD
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Figure 7: The plot between dispersion coefficient and percentage of Nyquist wave number of 1st derivative, Zhang and
Yao (2013a) and conventional FD.
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Figure 8: The plot between dispersion coefficient and percentage of Nyquist wave number of 2nd derivative, Zhang and
Yao (2013a) and conventional FD.
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Table 5: Finite-difference coefficients for 2nd derivative (Dispersion based).
4th-Order 6th-Order 8th-Order 10th-Order 12th-Order

kc 24.24 36.00 46.13 54.28 60.73
k coverage 21.88 34.41 44.91 53.29 59.9
b0 -2.53337462 -2.78496423 -2.93447476 -3.03074442 -3.09537133
b1 1.35568966 1.54775149 1.67136772 1.75528930 1.81367860
b2 -0.08900235 -0.16995123 -0.23816462 -0.29307839 -0.33584722
b3 0.01468186 0.03761362 0.06344350 0.08826335
b4 -0.00357934 -0.01145663 -0.02231877
b5 0.00117443 0.00439305
b6 -0.00048335
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Figure 9: Accuracy comparison between optimized FD operator for the 1st derivative by original least-squares and by
dispersion based
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Figure 10: Accuracy comparison between optimized FD operator for the 2nd derivative by original least-squares and by
dispersion based
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Figure 11: The plot between dispersion coefficient and percentage of Nyquist wave number of 1st derivative of least-
squares and dispersion based.
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Figure 12: The plot between dispersion coefficient and percentage of Nyquist wave number of 2nd derivative of least-
squares and dispersion based.

Table 6: Grid points per wavelength comparison
Grid points per wavelength

Method 4th-Order 6th-Order 8th-Order 10th-Order 12th-Order
Conventional
1st-derivative 20.04 11.47 8.40 6.88 5.97
2nd-derivative 13.74 8.92 6.92 5.85 5.19
Original least-squares
1st-derivative 11.79 6.66 4.91 4.08 3.60
2nd-derivative 8.16 5.21 4.07 3.49 3.15
Dispersion based
1st-derivative 12.77 7.14 5.19 4.25 3.72
2nd-derivative 9.14 5.81 4.45 3.75 3.34
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Table 7: Grid points per wavelength comparing with conventional FD
Grid points per wavelength (%)

Method 4th-Order 6th-Order 8th-Order 10th-Order 12th-Order
Conventional
1st-derivative 100.00 100.00 100.00 100.00 100.00
2nd-derivative 100.00 100.00 100.00 100.00 100.00
Original least-squares
1st-derivative 58.83 58.06 58.45 59.30 60.30
2nd-derivative 59.39 58.41 58.82 59.66 60.69
Dispersion based
1st-derivative 63.72 62.25 61.79 61.77 62.31
2nd-derivative 66.52 65.13 64.31 64.10 64.35
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APPENDIX

A. Finite difference method in the wavenumber domain

1.The definition of Fourier transforms used in this work is given as

F (kx) =

∫ ∞

−∞
f(x)e−ikxxdx, (23)

f(x) =
1

2π

∫ ∞

−∞
F (kx)e

ikxxdkx. (24)

Differentiating both sides of equation 24 with respect to x, yields

df(x)

dx
=

1

2π

∫ ∞

−∞
ikxF (kx)e

ikxxdkx, (25)

d2f(x)

dx2
=

1

2π

∫ ∞

−∞
i2k2xF (kx)e

ikxxdkx. (26)

Examining equations 23-26, we can conclude that

∂mf(x)

∂xm
⇀↽ (ikx)

mF (kx). (27)

2. Fourier transform of ∂f(x)/∂x = 1
∆x

∑N/2
n=−N/2 bnfn,

Subtstituting equation 24 into ∂f(x)/∂x = 1
∆x

∑N/2
n=−N/2 bnfn, we get

1

2π

∫ ∞

−∞
ikxF (kx)e

ikxxdkx =
1

∆x

1

2π




N/2∑

n=−N/2

bn

∫ ∞

−∞
F (kx)e

ikx(x+n∆x)dkx


 ,

=
1

∆x

1

2π


b0

∫ ∞

−∞
F (kx)e

ikxxdkx +

N/2∑

n=1

bn

∫ ∞

−∞
F (kx)(e

ikx(x+n∆x) − eikx(x−n∆x))dkx


 , bn = −b−n,

=
1

∆x

1

2π


b0

∫ ∞

−∞
F (kx)e

ikxxdkx +

N/2∑

n=1

bn

∫ ∞

−∞
F (kx)e

ikxx(2i sin(kxn∆x))dkx


 ,

0 =

∫ ∞

−∞
F (kx)e

ikxx


ikx − 1

∆x


b0 + 2i

N/2∑

n=1

bn sin(kxn∆x)




 dkx.

Since b0 = 0 for odd derivative, thus,

ikx =
i

∆x

N/2∑

n=−N/2

bn sin(kxn∆x). (28)

3. Fourier transform of ∂f2(x)/∂x2 = 1
(∆x)2

∑N/2
n=−N/2 bnfn,

Subtstituting equation 24 into ∂f2(x)/∂x2 = 1
(∆x)2

∑N/2
n=−N/2 bnfn, we get

− 1

2π

∫ ∞

−∞
k2xF (kx)e

ikxxdkx

∣∣∣∣
x=0

=
1

(∆x)2
1

2π




N/2∑

n=−N/2

bn

∫ ∞

−∞
F (kx)e

ikx(x+n∆x)dkx


 ,
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=
1

(∆x)2
1

2π


b0

∫ ∞

−∞
F (kx)e

ikxxdkx +

N/2∑

n=1

bn

∫ ∞

−∞
F (kx)(e

ikx(x+n∆x) + eikx(x−n∆x))dkx


 , bn = b−n,

=
1

(∆x)2
1

2π


b0

∫ ∞

−∞
F (kx)e

ikxxdkx +

N/2∑

n=1

bn

∫ ∞

−∞
F (kx)e

ikxx(2 cos(kxn∆x))dkx


 ,

0 =

∫ ∞

−∞
F (kx)e

ikxx


k2x +

1

(∆x)2


b0 + 2

N/2∑

n=1

bn cos(kxn∆x)




 dkx.

Thus,

−k2x =
1

(∆x)2

N/2∑

n=−N/2

bn cos(kxn∆x). (29)

B. The prove of dispersion coefficients

From 1D frequency-domain scalar wave equation, and one-way frequency-domain scalar wave equation

∂2P

∂x2
= −ω2

v2
P, two-way wave equation, (30)

∂P

∂x
= i

ω

v
P, one-way wave equation, (31)

apply FD to these equation, which gives

∑N/2
n=−N/2 bnPn

(∆x)2
, = −ω2

v2
P (x) two-way wave equation, (32)

∑N/2
n=−N/2 bnPn

∆x
, = i

ω

v
P (x) one-way wave equation. (33)

Note that, Pn = P (x+n∆x). To obtain a dispersion coefficient, we use a plane wave solution P (x+n∆x) = A exp(i(x+
n∆x)k), where A is amplitude. Substitute the plane wave solution to the equations above, which give (Note that: for
2nd derivative bn = b−n, and for 1st derivative bn = −b−n)

ω

v
=

(
−b0 + 2

∑N/2
n=1 bn cos(nkx∆x)

(∆x)2

)1/2

, two-way wave equation, (34)

ω

v
=

2
∑N/2

n=1 bn sin(nkx∆x)

∆x
, one-way wave equation, (35)

divide both side of equation by kx, using k = kx∆x ,and vph = ω/kx, we get

vph
v

=
ω/kx
v

=

(
−b0 + 2

∑N/2
n=1 bn cos(nk)

k2

)1/2

, two-way wave equation, (36)

vph
v

=
ω/kx
v

=
2
∑N/2

n=1 bn sin(nk)

k
, one-way wave equation. (37)

For more information about dispersion coefficient, please visit Cohen (2002).
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Figure 13: 2D wave propagation comparison between C8 : conventional FD 8th-order, Spectral method, OD8 : optmized
FD with dispersion coefficients based 8th-order, and O8 original opimized FD 8th-order
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Figure 14: 2D wave propagation comparison between 8th-order opimized FD (original) with error-threshold 1e-04, 5e-04,
1e-03, and 5e-03
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Figure 15: 2D wave propagation comparison between 8th-order opimized FD (dispersion based) with error-threshold
1e-04, 5e-04, 1e-03, and 5e-03
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Figure 16: 2D wave propagation comparison between conventional FD 8th-order with grid spacing 3.5, 4, and 4.5m and
original optimized FD 8th-order with grid spacing 5m

50

100

150

200

250
 3.5m  4.0m

50 150 250

300

350

400

450

500

 4.5 m

350 450

 OD 5.0m

Figure 17: 2D wave propagation comparison between conventional FD 8th-order with grid spacing 3.5, 4, and 4.5m and
dispersion based optimized FD 8th-order with grid spacing 5m
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Simulation of Solitary Wave at An Artificial Coastline using FUNWAVE

Pawin Sitsungnoen and Chaiwoot Boonyasiriwat

ABSTRACT

FUNWAVE program is developed by James T. Kirby
and his colleagues in Delaware University. This pro-
gram widely use in oceanic waves and waves near coast-
line problems. This is based on the fully-nonlinear
Boussinesq equations that are explained gravity sur-
face wave motion by the conserved surface elevation
and their horizontal velocities. FUNWAVE is contin-
uously developed by Shi and Kirby (2012) with Total
Variation Diminishing (TVD) method. Moreover, he
guides process to use this program by five examples.
Now this work use some examples to simulate the one-
dimensional and two-dimensional solitary wave at an
artificial coastline on computational domain. A nu-
merical experiment setting is used for numerical pa-
rameters testing. The computational time consuming
and height of breaking wave are measured by a var-
ious numerical grid spacings and a various initialized
solitary waves. For one-dimensional solitary wave, we
found that a deceasing numerical spacing grid causes an
increasing computational time consuming and height
of breaking wave when the wave arrives near coast-
line. Furthermore, we found that a decreasing of ini-
tialized amplitude causes a decreasing of computational
time consuming in two-dimensional solitary wave simu-
lation. However, we has some problem about the com-
putational time consuming when we simulate a two-
dimensional domain. This problem relieves by MPI
parallel programming on server computer.

INTRODUCTION

FUNWAVE is program that developed by James T.
Kirby and his colleagues at the Center for Applied Coastal
Research, Department of Civil and Environmental Engi-
neering, University of Delaware. This program greatly
performs some oceanic and coastal waves simulation. Tsunamis

simulation is one of applications to use this program be-
cause of better accuracy. Moreover, tsunamis application
gives a development of tsunamis warning system to un-
derstand mechanism and increase warning time. However,
we do not apply on tsunami simulation because we would
like to study and numerical practice for the basic of this
program in solitary wave.

Figure 1: James T. Kirby (left) and Fengyan Shi (right)
who develop FUNWAVE program.

Furthermore, FUNWAVE based on the fully-nonlinear
Boussinesq equations. These equations are further de-
veloped from the shallow water equations with including
dispersive property. The detail of these equations are pre-
sented and explained in Boussinesq equations section.

(Shi and Kirby, 2012) afterward develops FUNWAVE
by using the Total Variation Diminishing (TVD) method.
He guides process to use this program by five examples: 1.
Breaking waves on a beach, 2. Random wave shoaling and
breaking on a slope, 3. Wave propagation over a shoal,
4. Solitary wave on a conical island, and 5. Solitary wave
runup on a shelf with an island.

This work verifies three of five examples that are the
breaking waves on a beach, the random wave shoaling
and breaking on a slope and the the solitary wave runup
on a shelf with an island examples. Then we use these ex-
amples to design numerical experiments for a simulation
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of one-dimensional and two-dimensional solitary wave at
an artificial coastline. We test the effect of numerical grid
spacings to computational time consuming and height of
breaking wave in one-dimensional simulation. In addition,
we test the effect of various initialized solitary wave to
computational time consuming. The computational set-
ting and numerical results for each type of simulation are
presented in the simulation of one-dimensional and two-
dimensional solitary wave at an artificial coastline.

FULLY-NONLINEAR BOUSSINESQ
EQUATIONS

For two-dimensional oceanic and coastal waves, we can
describe wave motion by fully-nonlinear Boussinesq equa-
tions. These equations are based on the two basic of con-
servation law. The first is conservation of mass that ex-
plains the surface elevation variable (η),

∂η

∂t
+∇ · ~M = 0, (1)

where ~M is mass flux.
The second is conservation of momentum that explains

horizontal velocity variables(~uα),

∂~uα
∂t

+ (~uα · ∇)~uα + g∇η + ~V1 + ~V2 + ~V3 + ~R = 0, (2)

where ~V1 and ~V2 are the dispersive Boussinesq terms, ~V3 is
the expression of the cross product between vorticity and
particle velocity vectors (~ω×~u), and ~R is the diffusive and
dissipative term.
To simulate some coastal waves, the fully-nonlinear Boussi-

nesq equations must be solved by using the Total Varia-
tion Diminishing (TVD) method. Because this method
is widely applied in shock wave or breaking wave effect
near coastlines. This effect occurs when the field variables
(such as a velocities field) has some discontinuous solution.
In addition, this method decreases the misleading oscilla-
tion of shock wave. However, TVD method requires the
governing equations. So the fully-nonlinear Boussinesq
equations are modified into the generalized conservative
form as

∂~Ψ

∂t
+∇ · ~Θ(Ψ) = ~S, (3)

where ~Ψ and ~Θ(Ψ) are the conserved variables vector and
the flux vector function, respectively, and are given by

~Ψ =



η
Ū
V̄


 , ~Θ =




P x̂+Qŷ[
P 2

H + 1
2g(η

2 + 2ηh)
]
x̂+ PQ

H ŷ

PQ
H x̂+

[
P 2

H + 1
2g(η

2 + 2ηh)
]
ŷ


 ,

and ~S =




0
gη ∂h

∂x + ψx +HRx

gη ∂h
∂y + ψy +HRy


 .

To reduce difficulty, equation (3) is transformed into a
Riemann solvers. nevertheless, the detail about method-

ology of TVD method are not explained in this work. So
we skip to present a simulation of solitary wave in one-
dimensional and two-dimensional problems.

THE SIMULATION OF ONE-DIMENSIONAL
SOLITARY WAVE AT AN ARTIFICIAL

COASTLINE

This section are presented numerical experiment and
numerical results of the one-dimensional solitary wave sim-
ulation. The details of problematic setting and the numer-
ical results are clearly explained in the next paragraph.

Numerical Experiment

The following paragraph introduces concept of simu-
lated problems, and then explained the strategy of nu-
merical experiment.

First of all, we verify three selected examples from (Shi
and Kirby, 2012). There are the breaking waves on a
beach, the random wave shoaling and breaking on a slope
and the the solitary wave runup on a shelf with an island
examples.

Then the first two examples are modified to simulate the
solitary wave near a slope that is represented an artificial
coastline. This simulated problem is called the simulation
of one-dimensional solitary wave at a coastline.

Now, we would like to study the effect of numerical grid
spacings (dx) to the height of breaking wave and compu-
tational time consuming.

The hypothesis of this experiment is that the decrease
of dx will contribute the increase of the height of breaking
wave and computational time consuming. A problematic
setting for verifying this hypothesis is illustrated in the
next paragraph.

The problematic Setting

It can be illustrated by Figure 2.

Figure 2: The illustration of computational domain.

For spatial setting, a horizontal distance is fixed 45 m.
The water depth is limited in 0.47 m. The regular spacing
grid is 0.20 m. For temporal setting, total computational
time is 40 sec with numerical time step size 0.08325 sec. So
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this experiment has 480 time steps to simulate the solitary
wave propagation. Numerical result is shown by some of
snapshots.
Then we install 12 gauge stations at depth h = 47, 35,

30, 25, 20, 17.5, 15, 12.5, 10, 7.5, 5, and 2.5 cm in Figure
2. The surface elevation is measured as a time series in
numerical results section.
Finally, we vary dx as 0.20, 0.10, 0.08, 0.06, 0.04, and

0.02 m. Both computational time consuming and the
height of breaking wave are measured and are presented
in Table 1. In addition, the snapshots of breaking wave
at any dx are shown too in numerical result section.

Initialization

In input file, the initial conditions can be adjusted in
FUNWAVE program. We use only solitary wave by set-
ting WAVEMAKER = INI−SOL at line 89. From Figure
2, a position of source located 20 m far from the left edge
by setting XWAVEMAKER = 20.0 at line 98. The shape
of initialized solitary wave can be shown as Figure 3.
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Figure 3: The illustration of computational domain.

Furthermore, there has any parameters to flexibly ad-
just. The amplitude of solitary wave can be changed by
setting AMP = 0.1 at line 95. Because the water depth is
0.47 m, so we have to set DEP = 0.47 at line 96.

Boundaries Conditional Setting

This problem has two boundaries that are the left and
the right edges of computational domain. For the left
edge, there is an absorbing boundary condition. We can
adjust the absorbing layer that equal to 10 m in Figure
2. In input file, the absorbing layer is changed by setting
Sponge−west−width = 10.0 at line 135. For the right
edge, it is a Dirichlet boundary condition by setting the
conserved variables to zero.
In addition, we use the runup condition at a slope. This

condition can solve runup effect of solitary wave when
they arrive to a slope that is represented as an artificial

coastline. We can clearly see this effect in the simulation
of two-dimensional solitary wave at a coastline.

The Execution

To run some works in FUNWAVE program, the source
code should be complied by using command “make” in
terminal window. Then we receive mytvd file, and copy
this file to any example folders.

For this problem, we copy mytvd file into example−1
folder. Then we set some parameters in input file. Back
to terminal window, we already to run work and measured
computational time consuming by using command “time
./mytvd”.

Numerical Results

This part presents numerical results from the simula-
tion of one-dimensional solitary wave. There have numer-
ical snapshots at some time step, numerical snapshot near
coastline for some numerical grid spacings, table of numer-
ical experiment results, time series of surface elevation for
some gauge stations and the comparison of time series of
surface elevation for some selected gauge stations.

Numerical snapshots at some time step

Remember that the regular numerical grid spacing is
0.20 m. So some of numerical snapshots are presented
when time = 4.1625, 6.5768, 7.5758 and 16.6500 sec.
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Figure 4: Numerical snapshots for dx = 0.20 when time
= 4.1625, 6.5768, 7.5758 and 16.6500 sec.

From Figure 4, we can exactly see the shock or break-
ing wave effect of solitary wave at near coastline. This
means that the fully-nonlinear Boussinesq equations not
only explained dispersive effect but also describe breaking
wave effect.

Numerical snapshots for some numerical grid spacings

Now we vary numerical grid spacings to 0.10, 0.08, 0.06,
0.04, 0.02 m. Numerical snapshots of this wave near an
artificial coastline can be presented by Figure 5.
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Furthermore, both a computational time consuming and
a height of breaking wave are measured and shown by Ta-
ble 1. From this table, we can clearly conclude that the
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Figure 5: Numerical snapshots near coastline for dx =
0.20, 0.10, 0.08, 0.06, 0.04 and 0.02 m.

deceasing numerical spacing grid causes increasing com-
putational time consuming and height of breaking wave.

Table 1: Numerical experiment results

Numerical Computational Height
grid spacing time consuming of breaking wave
(meters) (seconds) (meters)

0.20 13.3696 0.1053

0.10 26.8349 0.1165

0.08 40.5737 0.1178

0.06 68.1620 0.1192

0.04 151.1063 0.1201

0.02 420.0931 0.1209

A time series of surface elevation for some gauge stations

Because we install 12 gauge stations to measured sur-
face elevation along coastline, so this part would like to
show time series of surface elevation as Figure 6.
In addition, the time series of surface elevation for some

selected gauge stations are presented by Figure 7. When
we zoom in each gauge stations, we confirm that the de-
creasing of numerical spacing grid causes a increasing of
height of breaking wave.

THE SIMULATION OF TWO-DIMENSIONAL
SOLITARY WAVE AT AN ARTIFICIAL

COASTLINE

The example 5 of Shi and Kirby (2012) is used for test-
ing a computational time consuming due to a numerical
parameter of solitary wave. Now this section presents nu-
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Figure 6: Time series of surface elevation for 12 gauge
stations along coastline at depth h = 47, 35, 30, 25, 20,
17.5, 15, 12.5, 10, 7.5, 5, and 2.5 cm when numerical grid
spacing = 0.20, 0.10, 0.08, 0.06, 0.04, and 0.02 m.
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Figure 7: Time series of surface elevation for gauge station
number 1, 3, 9, and 11.

merical setting and numerical results of the simulation of
two-dimensional solitary wave at a coastline.
This is not a numerical experiment like in the previ-

ous problem. But it is a numerical case study for a two-
dimensional inundation of solitary wave. Now we focus on
the variation of initialized solitary wave. Moreover, the
problematic setting is not same previous problem. They
are carefully explained in the next paragraph.

Numerical Experiment

This paragraph introduces the problematic setting, then
this is explained the strategy of numerical testing.

The problematic Setting

A computational domain is reconstructed. The distance
in x-direction and y-direction are changed to 48.8 m and
26.5 m, respectively. Then we set the numerical grid spac-
ing in x- and y- directions to 0.1 m. The deepest water
depth is changed to in 0.78 m. In addition, the artifi-
cial coastline includes a shelf and a inverse cone island as
Figure 8.

Figure 8: The side view of an artificial coastline.

For temporal setting, total computational time is changed
to 45 sec. A numerical time step size is increased to 0.2
sec. So we get 226 time steps to simulate the solitary
wave propagation. Numerical results is shown by some
snapshots.

Initialization

Now we use a line source of solitary as an initial condi-
tion by setting some parameters in input file. Position of
source located 10 m far from the left edge in x-direction
by setting XWAVEMAKER = 10.0 at line 98. The regu-
lar amplitude of solitary source is 0.55 m by setting AMP
= 0.55 at line 95. The shape of solitary wave can be pre-
sented by Figure 9.

Now we vary the amplitude of initialized solitary wave
to 0.32, 0.16, 0.08, 0.04, and 0.02 m. The computational
time consuming is measured and shown in Table 2. The
numerical snapshots are present in numerical results para-
graph.

Boundaries Conditional Setting

This problem has four boundaries. For the left edge,
there is an absorbing boundary condition. We can adjust
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Figure 9: The initialized solitary wave with amplitude
0.55 m.

the absorbing layer that equal to 2 m. In input file, the ab-
sorbing layers are changed by setting Sponge−west−width
= 2.0 at line 135. the right edge remain an absorbing con-
dition. We set Sponge−east−width = 2.0 at line 136 in
input file.
The North and South of domain are solid wall bound-

aries condition. These satisfied

Ū = 0, and V̄ = conts.

In addition, this problem is exactly shown the runup
effect in numerical results paragraph.

The Execution

Now we still have mytvd file. Next we copy mytvd file
into example−5/work folder. Then we setting some pa-
rameters in input file. Back to terminal window, we al-
ready to run work and measured computational time con-
suming by using command “time ./mytvd”.

Numerical Results

This part presents numerical results of the simulation
of two-dimensional solitary wave. There have numerical
snapshots at some of time step when we vary the initial-
ized amplitude of solitary wave, and table of computa-
tional time consuming result.

Numerical snapshots at some of time step

We remember that the regular initialized amplitude is
0.55 m. This means that Figure 10 is numerical snapshot
of simulation at time is 2, 5, 11 and 21 sec.
Now these are numerical snapshots when we decrease

the initialized amplitude to 0.32, 0.16, 0.08, 0.04, and 0.02
m.
We can notice that a decreasing of initialized ampli-

tude effects a decreasing of wave runup. So this program

Figure 10: Numerical snapshots when time = 2, 5, 11,
and 21 sec.
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Figure 11: Numerical snapshots when time is 2, 5, 11, and 21 sec for an initialized amplitude is 0.32 m.

Figure 12: Numerical snapshots when time is 2, 5, 11, and 21 sec for an initialized amplitude is 0.16 m.
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Figure 13: Numerical snapshots when time is 2, 5, 11, and 21 sec for an initialized amplitude is 0.08 m.

Figure 14: Numerical snapshots when time is 2, 5, 11, and 21 sec for an initialized amplitude is 0.04 m.
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Figure 15: Numerical snapshots when time is 2, 5, 11, and 21 sec for an initialized amplitude is 0.02 m.

has high performance for simulation of various initialized
amplitudes. In other word, we can simulate tsunamis in-
undation, and can estimate about tsunamis hazard when
tsunamis attack any human’s assets on coastline zone.
However, we not measure runup testing because of lo-

cated gauge stations setting problem. So we measure only
computational time consuming when we vary an initial-
ized amplitude in Table 2.

Table 2: Numerical experiment results

Initialized Computational
Amplitude time consuming
(meters) (minuets and seconds)

0.55 41 m 59.258 s

0.32 39 m 31.897 s

0.16 37 m 15.319 s

0.08 36 m 39.716 s

0.04 35 m 43.115 s

0.02 35 m 24.082 s

We surprisingly found that a decreasing of initialized
amplitude causes a decreasing of computational time con-
suming. However, this problem consume a lot of compu-
tational time (about 40 minutes). So this problem should
be solved by using a parallel programming.

FUTURE WORKS

This work is a detail in 2004 Indian Ocean tsunami
simulation project. It means that there is a lot of future
works. First, the computational time consuming prob-
lem should be solved when FUNWAVE extended in MPI
parallel programming in server computer. Then the two-
dimensional solitary wave simulation is transformed into
a spherical coordinates with Coriolis effect. Finally, the
surface elevation near coastline is compared to a surface
elevation data from gauge stations of Thailand for estima-
tion of tsunamis hazard.
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Simulation of Electromagnetic Cloaking using Transformation Optics

Panuwat Pukhamwong and Chaiwoot Boonyasiriwat

ABSTRACT

Metamaterials are artificial material with a wide range
of values of electromagnetic properties such as permit-
tivity and permeability. They can be used to build un-
conventional electromagnetic devices such as electro-
magnetic cloaking. In this work, we study an elec-
tromagnetic cloaking system using a computational
approach. To simulate electromagnetic cloaking, ap-
propriate values of material electromagnetic properties
must be used to manipulate electromagnetic wave to re-
duce the scattered field due to the cloaking system. We
design an electromagnetic cloaking by using an optical
transformation to obtain the required value of permit-
tivity and permeability. Then we perform simulation
of full-waveform electromagnetic cloaking using finite-
difference time-domain (FDTD) method. The numeri-
cal result shows that there is still some scattered field
due to the cloaking system. This problem is still needed
to be solved in our future work.

INTRODUCTION

There are matematerials which can be achieved either vary
large or vary small value of permittivity and permeabil-
ity, including negative value. Metamaterials can also be
obstructed to have continually various value of permittiv-
ity and permeability in spatial space. Because of these,
metamaterial have a lot of applications. One interesting
application of these materials is that they are possible to
use in building electromagnetic cloaking device.

Invisibility or electromagnetic cloaking have been ap-
pealing from mankind for several years. There are many
way to approach this system. Based on a coordinate trans-
formation approach, Pendry et al. (2006) have reported
and the simulation of Cummer et al. (2006) verifies this
system. We study the system which use transformation
optics to obtain parameter of device which metamaterials
have been used in constructing as shown in Figure 1.

The outline of this paper is as follows. We first intro-
duce metamaterials and transformation optics. Then nu-
merical method used for simulation is presented followed
by numerical results Finally a summary is drawn.

THEORY

Matematerials

Meatamaterial is a artificial structure whose dimensions
are much smaller than the wavelength which interact with
to satisfy the condition which we can treat the metamate-
rial as a average medium. This medium can be modeled by
constitutive parameters. In case of electromagnetic, the
medium is characterized by electric permittivity and mag-
netic permeability. The permittivity and permeability of
material describe the response of medium to electromag-
netic wave.

The common benefits of metameterials are that they are
compound materials, we can construct material to have a
various value of permittivity and and permeability, and
the other is that they can provide inconvenient permittiv-
ity and and permeability.

When light travel through different materials or space
it change direction. The parameters of material which in-
volve the interaction between electromagnetic wave and
that material are Electric permittivity and magnetic per-
meability. The permittivity and permeability of material
could be derived from the methodology of transformation
optic. This process will give us how those parameters of
electromagnetic cloaking device cloud be.

Transformation optics

Consider a coordinate transformation from the Cartesian
space (x, y, z) to an arbitrary curved space described by
coordinates (u, v, w)

x = f1(u, v, w),

y = f2(u, v, w),

31
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Figure 1: The experimental of transformation-based cloaking at microwave frequencies. (After Schurig et al. (2006))

Figure 2: (left) Field line in free space with the back-ground Cartesian coordinate grid shown. (right) Distorted field line
with the background coordinates distorted. (After Pendry et al. (2006))

z = f3(u, v, w)

The Jacobian transformation matrix is written as

Λ =




∂x
∂u

∂x
∂v

∂x
∂w

∂y
∂u

∂y
∂v

∂y
∂w

∂z
∂u

∂z
∂v

∂z
∂w


 (1)

In order to keep invariant forms of Maxwells equations,
the new permittivity and permeability tensors have to be

¯̄εnew = det(Λ)(Λ)−1¯̄ε(Λ)−T (2)

¯̄µnew = det(Λ)(Λ)−1 ¯̄µ(Λ)−T (3)

We consider the comparison space as free space and
then transform to real space.
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Figure 3: (left) comparison space, (right) real space.

The relation between two spaces should be (for linear
transform)

r′ =
b− a
b

r + a (4)

The total Jacobian transformation could be

Λ = ΛxrΛrr′Λr′x′ (5)

where Λxr denotes change of Cartesian coordinates to
cylindrical coordinates, Λrr′ denote the transformation
from the original cylindrical coordinates to new cylindrical
coordinates, Λr′x′ denotes change of the new cylindrical
coordinates back to Cartesian coordinates.

εxx =
r − a
r

cos2 φ+
r

r − a sin2 φ (6)

εyy =
r − a
r

sin2 φ+
r

r − a cos2 φ (7)

εxy = εyx = (
r − a
r
− r

r − a ) cosφ sinφ (8)

µzz =
( b

b− a
)2(r − a

r

)
(9)

another are zero.
note that: These are relative permittivity and relative
permeability.

METHODS

We simulate electromagnetic wave using Maxwell’s equa-
tion, Faraday’s law and Ampere’s law, as governing equa-
tions (eq 2.7). The other two equations describe interac-
tion between electromagnetic wave and space.

∂ ~B

∂t
= −∇× ~E (Faraday’s law) (10)

∂ ~D

∂t
= ∇× ~H (Ampere’s law) (11)

~D = ¯̄ε ~E (12)

~B = ¯̄µ ~H (13)

2D TE mode

For the 2D TE mode, we assume that there are no vari-
ations of either the fields or the excitation in z direction.
Faraday’s law and Ampere’s law are reduced to

∂Bz

∂t
=

∂Ex

∂y
− ∂Ey

∂x
(14)

∂Ex

∂t
=

∂Hz

∂y
(15)

∂Ey

∂t
= −∂Hz

∂x
(16)

Finite different time domain (FDTD)

FDTD was applied to solve the PDE

∂f

∂x
≈ f(x+ h)− f(x− h)

2h
, (17)

∂f

∂t
≈ f(t+ ∆t)− f(t)

∆t
. (18)

We proceed with discretization of Maxwells equations
based on staggered grid as show in Figure 4.1.

the spatial positions of the two electric field compo-
nents and the single magnetic field component. The Ex

and Dx component is located at half x and integer y grid
points, while the Ey and Dy component is located at inte-
ger x and half y grid points, and the magnetic component
Hz and Bz is located at half x and half y grid points.

The spatially discretized of the component Maxwells Equa-
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Figure 4: Staggered grid for an FDTD unit cell for transverse electric (TE) waves. (After Inan and Marshall (2011))

tions are

Bn+1,i,j
z = Bn,i,j

z +
∆t

∆x

[
En,i,j+1

x − En,i,j
x

]

−∆t

∆y

[
En,i+1,j

y − En,i,j
y

]

Dn+1,i,j
x = Dn,i,j

x +
∆t

∆y

[
Hn,i,j

z −Hn,i,j−1
z

]

Dn+1,i,j
y = Dn,i,j

y − ∆t

∆x

[
Hn,i,j

z −Hn,i−1,j
z

]

Anisotropic media

The result form transformation optics provide an anisotropic
media which is the parameters of media are function of
vector direction of electric and magnetic field.
The permittivity and permeability are written in tensor
form.

¯̄ε = ε0



εxx εxy εxz
εyx εyy εyz
εzx εzy εzz


 (19)

¯̄µ = µ0



µxx µxy µxz

µyx µyy µyz

µzx µzy µzz


 (20)

From eq 2.7 we can written as

∂D

∂t
= ∇×H (21)

E = [̄ε̄]−1D (22)

∂B

∂t
= −∇× E (23)

H = [¯̄µ]−1B (24)

Interface

Because we solve the problem in Cartesian coordinates, to
get more accuracy about interface which is cylindrical we
average the parameter at interface.

The result of this process is showed below (Figure 2.5).

NUMERICAL RESULTS

The cylindrical cloak was constructed in middle of square
domain of the model. We generate plane wave form of
electromagnetic wave at left of model. The right edge of
model is absorbing boundary, one way wave. The top and
bottom of model are Neumann’s boundary to satisfy plane
wave. Sitting of model is showed below.

The relative permittivity and relative permeability which
we obtain from transformation are showed below (Figure
3.2). The parameter at inner boundary of a cylindrical
cloak is inherently singular, make inverse value go to in-
finity. We avoid this problem by remove a thin layer from
the inner boundary and replace with a thin perfect electric
conductor (PEC) shell. The result of full wave form sim-
ulation are showed below. The result from our simulation
are comparable to the result from simulation in Cummer
et al. (2006) (Figure 3.4).

SUMMARY

Our simulate cloaking system without effect of dispersion
of permittivity and permeability are comparable to the
simulation in the simulation of Cummer et al. (2006). To
predict and match experiment about the loss and the nar-
row bandwidth limit of metamaterials we have to imple-
ment dispersion effect of media.
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Figure 5: Parameter f is the ratio of material in each square area. (After Zhao and Hao (2007))

Figure 6: The result of average area, color show the ratio of material, black equal to one and white equal to zero

ACKNOWLEDGMENTS

We would like to thank members of the Mahidol Univer-
sity Center for Scientific Computing (MCSC) group for
comments and suggestions.

REFERENCES

Cummer, S. A., B.-I. Popa, D. Schurig, D. R. Smith, and
J. Pendry, 2006, Full-wave simulations of electromag-
netic cloaking structures: Physical Review E, 74, no.
036621.

Inan, U. S. and R. A. Marshall, 2011, Numerical elec-
tromagnetics the fdtd method: Cambridge University
Press.

Pendry, J., D. Schurig, and D. Smith, 2006, Controlling
electromagnetic fields: Science, 312, 1780–1782.

Schurig, D., J. J. Mock, B. J. Justice, S. A. Cummer, J. B.
Pendry, A. F. Starr, and D. R. Smith, 2006, Metama-

terial electromagnetic cloak at microwave frequencies:
Science, 314, 977980.

Zhao, Y. and Y. Hao, 2007, Finite-difference time-domain
study of guided modes in nano-plasmonic waveguides:
IEEE Transactions on Antennas and Propagation, 55,
no. 11, 30703077.



36 Pukhamwong and Boonyasiriwat

Figure 7: White is free space, Black is the cloaking device which have values a = 27.1 mm and b = 58.9 mm.
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Figure 8: The relative permittivity and relative permeability in model
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Figure 9: The simulation result with operating source 8.5 GHz of frequency. Source is plane wave that coming from the
left of model.

Figure 10: The simulation of approximation of the ideal parameters. (After Cummer et al. (2006))



Simulation of Flow Past a Square Cylinder

Nattapon Pongchanwit and Chaiwoot Boonyasiriwat

ABSTRACT

We simulate flow around a square cylinder by solv-
ing the incompressible Navier-Stokes equations to
study the characteristics and flow pattern for various
Reynolds numbers (Re). The 2D time-dependent prob-
lem is solved on a rectangular domain by using a finite
difference method on a staggered grid, an implicit vis-
cosity step, and a projection method for the pressure.
For a steady-state laminar flow between fixed parallel
plates (without square cylinder), the velocity profiles is
consistent with the theory. With the present of a body,
we can simulate the von Karman vortex street.

INTRODUCTION

Most fluid dynamics problems cannot be solved analyti-
cally. One way to obtain their approximate solutions is
a numerical approximation. The numerical accuracy de-
pends on numerical method used. Numerical solutions
can then be visualized as images to aid the analysis of the
problem.

Actually, drag force do not depends only on velocity of
fluid flow. The drag coefficient is not a constant along
the trajectory of a object. The drag force can compute
from pressure around the object. Thus, we need to know
the characteristics of fluid flow to compute the pressure.
Obviously fluid mechanic play a role in this work.

The flow past bluff bodies, especially cylinders, have
been an attraction in all kinds of fluid mechanical inves-
tigations for a long time. Most of these studies were con-
cerned with circular and square cylinder cases under free
flow condition. In this work, we study the pattern of flow
past a square cylinder at various Reynolds numbers (Re)
by following Seibold’s process Seibold (2008) using the
physical setting proposed by Breuer (Breuer and Berns-
dorf, 2000)

THEORY

We consider the 2D incompressible Navier-Stokes equa-
tions in nondimensional forms on a rectangular domain
(Fox et al., 2006).

∂u

∂t
+
∂p

∂x
= −u∂u

∂x
− v ∂u

∂y
+

1

Re

(
∂2u

∂x2
+
∂2u

∂y2

)

∂v

∂t
+
∂p

∂x
= −u∂v

∂x
− v ∂v

∂y
+

1

Re

(
∂2v

∂x2
+
∂2v

∂y2

)

∂u

∂x
+
∂v

∂y
= 0

where u is the flow velocity in x axis, v is the flow velocity
in y axis, p is the pressure, and Re is the Reynolds number
(ρUd/µ).

The momentum equations (2.1) and (2.2) describe the
time evolution of the velocity field under inertial and vis-
cous forces. The conservation of mass is achieved through
the continuity equation (2.3) for incompressible flow. The
Reynolds number is defined as the ratio of inertial forces to
viscous forces. The Reynolds number can be used to deter-
mine dynamic similitude between laminar and turbulent
cases of fluid flow.Laminar flow occurs at low Reynolds
numbers, where viscous forces are dominant, and is char-
acterized by smooth, constant fluid motion. Turbulent
flow occurs at high Reynolds numbers and is dominated
by inertial forces, which tend to produce chaotic eddies.

Numerical Solution Approach

We split the whole process by computing intermediate ve-
locities (u∗, v∗, u∗∗, and v∗∗) to obtain the solution at next
time step (un+1, vn+1,and pn+1). The general approach
of the code is described in Section 6.7 in the book Com-
putational Science and Engineering (Strang, 2007).
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Nonlinear convection terms

The convection terms are rearranged closer to a conserva-
tion form by using equation (2.3) and chain rule.

u
∂u

∂x
+ v

∂u

∂y
+ u

(
∂u

∂x
+
∂v

∂y

)
=

∂u2

∂x
+
∂u · v
∂y

u
∂v

∂x
+ v

∂v

∂y
+ v

(
∂u

∂x
+
∂v

∂y

)
=

∂v2

∂y
+
∂u · v
∂x

The RHS (convection terms) of equation (3.1) and (3.2)
are treated explicitly to obtain intermediate velocities (u∗,and
v∗).

u∗ − un
∆t

= −∂(un)2

∂x
− ∂un · vn

∂y

v∗ − vn
∆t

= −∂(vn)2

∂y
− ∂un · vn

∂x

Viscosity term

To obtain the intermediate velocities (u∗∗, and v∗∗), We
compute the viscosity terms implicitly such that the nu-
merical scheme is unconditionally stable. Thus, two linear
systems have to be solved at each time step.

u∗∗ − u∗
∆t

=
1

Re

(
∂2u∗∗

∂x2
+
∂2u∗∗

∂y2

)

v∗∗ − v∗
∆t

=
1

Re

(
∂2v∗∗

∂x2
+
∂2v∗∗

∂y2

)

Pressure correction

We can compute the solution at next time step (un+1

and vn+1) by the gradient of a pressure at next time step
(pn+1).

un+1 − u∗∗
∆t

= −∂p
n+1

∂x
vn+1 − v∗∗

∆t
= −∂p

n+1

∂y

In vector notation the correction equations read as

un+1 − u∗∗

∆t
= −∇pn+1 (1)

All of the work we have done so far, we solve it on the
plane that is not divergence-free (∇ · u 6= 0). We now
project the solution on divergence-free plane by applying
the divergence to both and using incompressible condition
(∇ · u = 0).

−∇2pn+1 = −∇ · u
∗∗

∆t
(2)

Thus we solve Poisson equation (3.10) to obtain the pres-
sure at next time step and then calculate the velocity at
next time step (un+1 and vn+1).

Figure 1: Staggered grid with boundary cells (Seibold,
2008)

Discretization

We consider the discretization on a nx×ny staggered grid
with the pressure P in the cell midpoints, the velocities
U placed on the vertical cell interfaces, and the veloci-
ties V placed on the horizontal cell interfaces. As in the
figure 1, Any point truly inside the domain is an interior
point, while points on or outside boundaries are boundary
points. Dark markers in Figure 1 stand for interior points,
while light markers represent boundary points.

Nonlinear convection terms

Because u and v are different positions in the grid point,
the product of u·v is not directly defined as equation (3.3)
and (3.4). We compute these quantities by interpolating
two neighboring values in the cell centers by averaging,

(u2)i+ 1
2 ,j

=

(
ui,j + ui+1,j

2

)2

ui,j+ 1
2

=
ui,j + ui,j+1

2

vi+ 1
2 ,j

=
vi,j + vi+1,j

2

analogously for the component v.

Numerical approximation

The first derivative in a grid point can be approximated
by the centered finite differences at middle point.

(
∂u

∂x

)

i+ 1
2 ,j

≈ ui+1,j − ui−1,j

hx
(3)

where hx is grid spacing in x axis. Finite differences can
approximate second derivatives in a grid point by a cen-
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tered stencil.
(
∂2u

∂x2

)

i,j

+

(
∂2u

∂y2

)

i,j

≈ ui−1,j − 2ui,j + ui+1,j

h2x
+
ui,j−1 − 2ui,j + ui,j+1

h2y
.

(4)

SETTING

Figure 2: Setting Condition

The problem configuration is similar to the one by Breuer
as shown in Figure 3.2: it has a cylinder with square cylin-
der with diameter (width) D mounted and centered inside
a plane channel of H with blockage ratio B = 1/8. The
channel length L was fixed at L/D = 50 to reduce the
influence of in flow and out flow boundary condition.

Boundary Condition

Figure 3: Boundary Condition

In order to simulate a fully developed laminar channel
flow upstream of the square cylinder, a parabolic veloc-
ity profile is prescribed at the channel inlet. The velocity
in normal direction to boundary does not changes in the
outlet. we apply no-slip condition at the wall and square
cylinder. A stagnation pressure condition assumes stagna-
tion conditions outside the boundary so that the velocity
at the boundary is zero. Zero static pressure condition as-
sumes only that the normal fluid velocity at the boundary
has a zero gradient.

Figure 4: Vorticity contour plot of results at t = 15: a)
Re = 10; b) Re = 40; c) Re = 60; d) Re = 80.

NUMERICAL RESULTS

At small Reynolds numbers (10 < Re < 70), the flow sep-
arates at the trailing edges of the cylinder and a closed
steady recirculation region consisting of two symmetric
vortices is observed behind the body. The size of the re-
circulation region increases with increase in Re. When
a critical Reynolds number Recri is exceeded about 80,
the well-known von Karman vortex street with periodic
vortex shedding from the cylinder can be detected in the
wake.

Figure 5: Vorticity contour plot of results at t = 15 for
Re = 120

Vorticity contour plot (~ω = ∇×~u) describes the rotation
of fluid. As in the bottom left of figure 3, the fluid is
moving in a counter-clockwise direction but is moving in
a clockwise direction in the bottom right. Vortices move
backward, so the fluid move and oscillate behind a square
cylinder.

Since this problem is symmetrical flow around a square
cylinder, then why increase of Re results in the symme-
try breaking of the flow. We expect vortex streets start
on one side of a body or the other due to some slight
random fluctuation from upstream symmetry in physical
experiments and due to rounding error. And we try to
investigate why asymmetry occur at low Re (Re = 10) in
our future work.
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CONCLUSION

We simulate flow around a square cylinder by solving the
incompressible Navier-Stokes equations by using a finite
difference method on a staggered grid, an implicit viscos-
ity step, and a projection method. Finally, The von Kar-
man vortex street can be simulated when Recri ≈ 80. And
the method will diverge about Re ≈ 190 (for time step =
0.02).

As we expect the symmetry breaking occur because of
rounding error. To test the hypothesis, we can do it by de-
creasing of grid space and time step to check whether the
von Karman vortex street occurring at the same Reynolds
number. And this is our future work.
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Simulation of Smoke in Two Dimensions using Finite Difference Method
in MATLAB

Thanakorn Chanthanasaro and Chaiwoot Boonyasiriwat

ABSTRACT

In this work, smoke from a candle is modeled as an in-
compressible, viscous fluid. The governing equations
including the continuity equation, the Navier-Stokes
equations, the advection-diffusion equations for heat
and smoke concentration were numerically solved using
the finite difference method on a staggered grid and the
pressure-correction method. A simulation program was
developed in MATLAB based on the code of Seibold
(2008). Our program was successfully used to simulate
smoke in a 2D rectangular domain. Numerical results
show that symmetric flows were obtained when kine-
matic viscosity was higher than 10−4 while asymmet-
ric flows occurred when kinematic viscosity was lower
than the critical value. Flow patterns also depend on
the time lag between the releases of heat and smoke
sources as expected but the simulated patterns are not
consistent with real observations. Further work must
be performed to improve the simulation results.

INTRODUCTION

Simulating realistic fluids is a challenging problem both
in computer graphic and fluid dynamics studying Fedkiw
et al. (2001), Stam (1999). Though there are many soft-
ware that can simulate things easily nowadays, but un-
derstanding its physics behind is important. All we have
to do when simulate water is solving Navier-Stokes equa-
tions. In case of smoke, advection-diffusion equation of
heat and smoke are needed to be solved together. In this
work, we study the effect of viscosity and the existence
of fluid flow to the flow pattern. Since these equations
are hard to be solved analytically, numerical method is
used to numerically solve these equations. My MATLAB
code is modified from code of Seibold (2008). In the the-
ory part, I follow the book Fluid Simulation for Computer
Graphics Bridson (2008).

THEORY

When the flow’s velocity is well below the speed of sound.
The compressible effect of the flow can be neglected. Flow
behavior is described by incompressible Naiver-Stokes equa-
tions given by

∇ · u = 0 (1)

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u + f (2)

where u = (u, v, w) or (u, v, 0) in two-dimensional is
the fluid’s velocity, p is its pressure, ρ is its density, ν is
its kinematic viscosity, and f is an external force. Navier-
Stokes equations state that the velocity should conserve
both mass (Equation (1)) and momentum (Equation (2)).
Momentum equation is solved from Newton’s equation.
LHS of momentum equation is rate of change of velocity.
Its second term is the rate due to moving of the fluid.
Where RHS of momentum equation is the force accounted.
Its first term is from the gradient of the pressure and its
second term is from the viscosity effect.

In case of smoke simulation, there are two more equa-
tion needed for the evolution of two scalar variables tem-
perature T and concentration of the smoke s given by

∂T

∂t
+ (u · ∇)T = kT∇2T + rT (Tsource − T ) (3)

∂s

∂t
+ (u · ∇)s = ks∇2s+ rs (4)

where kT and ks are diffusion coefficient of temperature
and concentration of smoke respectively, rT is the rate
that the heat is released, rs is the rate that smoke is re-
leased, and Tsource is the temperature of the source point.
Equation (3) and (4) are called advection-diffusion equa-
tion of heat and concentration of smoke. They account
rate of change of each variable due to moving of the fluid
(the second term of LHS) and the diffusion effect (the first
term of RHS). The last terms of equations (3) and (4) are
source terms.
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Next, the fluid density is linearly approximated to be
function of temperature T and concentration of smoke s
as

ρ = ρ0[1 + αs− β(T − Tamb)] (5)

where ρ0 is the smoke-free air density at ambient tem-
perature, α and β are two positive constants, and Tamb

is ambient temperature. Plugging this into momentum
equation. The static pressure ρ0g is added to the varia-
tion pressure to new pressure. Using the Boussinesq ap-
proximation, assume that |αs− β∆T | � 1, leading to

∂u

∂t
+ (u · ∇)u = − 1

ρ0
∇p+ ν∇2u + (αs− β∆T )g (6)

where ∆T = T − Tamb. The last term of equation (6) is
the external force. Smoke falls down due to gravity force
and rises up due to hot air. Note that when s = 0 and
T = Tamb, this force is zero.

METHODS

2D smoke is simulated on a rectangular domain using fi-
nite difference method, discretized on staggered grid shown
in figure 1, and projection method for the pressure. The
solution of next time step (un+1, vn+1, pn+1, Tn+1, and
sn+1) is solved by splitting the whole process by compute
intermediate velocities (u∗, u∗∗, v∗, v∗∗, and v∗∗∗), temper-
ature (T ∗, and T ∗∗), and smoke concentration (s∗, and
s∗∗). The velocity is solved first follow by the tempera-
ture and smoke concentration.

Advection terms of momentum equation

u∗ − un
∆t

= −∂(un)2

∂x
− ∂(unvn)

∂y

v∗ − vn
∆t

= −∂(unvn)

∂y
− ∂(vn)2

∂y

Intermediate velocity u∗and v∗ are solved explicitly be
rearranging the advection term of momentum equation as
above. This introduces a CFL condition which limits the
time step by a constant times the spacial resolution.

Viscosity terms

u∗∗ − u∗
∆t

= ν(
∂2u

∂x2
+
∂2u

∂y2
)

v∗∗ − v∗
∆t

= ν(
∂2v

∂x2
+
∂2v

∂y2
)

Intermediate velocities (u∗∗ and v∗∗) are solved implicitly.
Thus, we have to solve two linear systems in each time
step.

Force term

There is a force only in y-direction. It is solve explicitly.

v∗∗∗ − v∗∗
∆t

= −(αs− β∆T )g

Pressure term

The fluid is made incompressible by compute the pressure
needed to make the divergence of the velocity at next time
step to be zero. In the vector notation

un+1 − u∗∗∗

∆t
= − 1

ρ0
∇p

Applying the divergence to both sides yields the linear
system

∇2p =
ρ0
∆t
∇ · u∗∗∗

we solve this Poisson’s equation to find the pressure and
use it to calculate the velocity at next time step un+1.
The temperature and smoke concentration are then solved
after the velocity is solved.

Advection terms of advection-diffusion equa-
tions

Advection terms are solved explicitly to obtain interme-
diate temperature T ∗ and smoke concentration s∗.

T ∗ − Tn

∆t
= −(u

∂T

∂x
+ v

∂T

∂y
)

s∗ − sn
∆t

= −(u
∂s

∂x
+ v

∂s

∂y
)

Source terms

Intermediate temperature T ∗∗ and smoke concentration
s∗∗ are solved explicitly.

T ∗∗ − T ∗

∆t
= rT (Tsource − T )

s∗∗ − s∗
∆t

= rs

Diffusion terms

Tn+1 − T ∗∗

∆t
= kT∇2T

sn+1 − s∗∗
∆t

= ks∇2s

Diffusion terms are solved explicitly to obtain temperature
and smoke concentration at next time step Tn+1 and sn+1
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FINITE DIFFERENCE METHOD

The first derivative of spatial domain is approximated us-
ing central finite difference.

∂u

∂x
≈ u(x+ ∆x)− u(x−∆x)

2∆x

The approximation of the second derivative is given by

∂2u

∂x2
≈ u(x+ ∆x)− 2u(x) + u(x−∆x)

∆x

In time domain, forward finite difference is used

∂u

∂t
≈ u(t+ ∆t)− u(t)

∆t

STAGGERED GRID

Staggered grid is the grid where different variables are
stored at different location. The pressure, temperature,
and smoke concentration are sampled at the middle of
the cells. The fluid velocity in x-direction u is sampled at
the middle of the vertical cell faces. The fluid velocity in
y-direction v is sampled at the middle of the horizontal
cell faces. It is shown in Figure 2.1. If the value required
is not at the location, it is interpolated.

Figure 1: Staggered grid used. x at the middle of the cell
is the location of pressure, temperature, and smoke con-
centration. Black circle the fluid velocity in x-direction u.
White circle is the location of fluid velocity in y-direction
v.

DISCRETIZATION AND INDEX

The rectangular domain is discretized into many square
cells. Lx , the horizontal length of domain, is discretized
into nx∆x. Where nx is integer and ∆x is grid spacing.
Discretization is the same for Ly = ny∆y. At location
(i∆x, j∆y), the variable is indexed by subscript (i, j), for
example, temperature is indexed Ti,j . The velocity in x-
direction u is indexed by half integer, e.g., ui+1/2,j . In

time domain, the time is discretized into the time step
times integer tn = n∆t. The variable is indexed by su-
perscript, for example, smoke concentration at time tn is
sn.

BOUNDARY CONDITIONS

Boundary conditions are needed in solving differential equa-
tion. In this work, smoke is simulated in a 2D box. The
boundary condition for the velocities both in x and y-
direction is Dirichlet boundary condition, i.e.,the veloc-
ity is zero at the boundary. The boundary condition for
temperature is at the boundary, temperature is equal to
ambient temperature. And the boundary condition for
smoke is at the boundary, smoke concentration is zero.
The boundary condition for pressure is Neumann bound-
ary condition, i.e., ∂p

∂n = 0. Where n is the normal direc-
tion to the boundary.

RESULTS

First, we study the effect of viscosity to the flow pattern
at Tamb = 300 K, Tsource = 400 K, α = 0.001, β = 0.0033,
ρ0 = 1.289 km/m3, kT = ks = 0.0001, rT = 0.01, rs = 1,
∆t = ∆x = ∆y = 0.01. The result is shown in Figure
2 and 3 At high kinematic viscosity (ν > 10−4), the
flow is symmetric. The big vortex appears at the top
of the flow. When the kinematic viscosity is lower than
the critical value 10−4. The symmetry is broken. The
small vortex at the top of the flow is observed. Since the
system is asymmetric (the source is not placed rightly at
the middle of domain but slightly left) , this may cause
the flow asymmetric. The other reasons are the algorithm
of computing and numerical error.

Second, we study the effect of time lag between the
releasing of heat and smoke concentration to the flow. The
result is shown in Figure 4 and 5

The case of there is no time lag of the releasing of heat
and smoke concentration, the big vortex appear at the
top of the flow. For the case there is time lag between the
releasing of heat and smoke concentration, the vortex is
not quite big. The smoke of the latter rises up faster at
early time and look sharper than the former. Because the
heat released first cause the fluid to flow before the smoke
is released.

CONCLUSION

1. Smoke can be simulated using Navier-Stokes equa-
tions and advection-diffusion equations of heat and
smoke concentration

2. The flow symmetry is broken when the kinematic
viscosity is less than 10−4.

3. Higher kinematic viscosity cause the vortex at the
top of the flow bigger. The existence of fluid flow
also affect the vortex appeared.
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Figure 2: Plot of smoke concentration at different time:
8, 16, 24, 32, and 40 s respectively of fluid with kinematic
viscosity 10−3

.

ACKNOWLEDGMENTS

First of all, I would like to thank my advisor, Dr.Chaiwoot
Boonyasiriwat, for all advises and attention. And thank
you Development and Promotion of Science and Technol-
ogy Talents Project (DPST) scholarship for receiving me
and all of financial support since the first year. And thank
you my family for letting me study science. Thank you
Benjamin Seibold for his code used in my project. Finally,
thank you my friends for what we have been through.

REFERENCES

Bridson, R., 2008, Fluid simulation for computer graphics:
A K Peters.

Fedkiw, R., J. Stam, and H. W. Jensen, 2001, Visual sim-
ulation of smoke: In proceedings of the 28th annual
conference on Computer graphics and interactive tech-
niques ACM, 15–22.

Seibold, B., 2008, A compact and fast matlab code solving
the incompressible navier-stokes equations on rectangu-
lar domains: Massachusetts Institute of Technology.

Figure 3: Plot of smoke concentration at different time:
8, 16, 24, 32, and 40 s respectively of fluid with kinematic
viscosity 10−5

.

Stam, J., 1999, Stable fluids: In Proceedings of SIG-
GRAPH 99, 121–128.



Simulation of Smoke 47

Figure 4: Plot of smoke concentration at different time:
5, 10, 15, and 20 s respectively. Time lag of releasing heat
and smoke concentration is 0 s.

Figure 5: Plot of smoke concentration at different time:
5, 10, 15, and 20 s respectively. Time lag of releasing heat
and smoke concentration is 20 s. The heat is released
before the smoke is released.
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Simulation of Rayleigh-Taylor Instability in Two Dimensions using Finite
Difference Method in MATLAB

Kanisorn Supa and Chaiwoot Boonyasiriwat

ABSTRACT

The interface between two layers of fluids with differ-
ent densities can become unstable with the heavier fluid
layer is on top of the lighter fluid. This phenomenon
is called the Rayleigh- Taylor instability. The heavier
fluid is pulled down by gravitational force while the
lighter fluid pushes up the heavier fluid. Consequently,
fluid advection occur. In this study, the time evolution
of interface between two fluids is simulated by solving
the Navier-Stokes equations using the finite difference
approximation.

INTRODUCTION

One of the classic example of hydrodynamic instability
is the mixing of two fluids that takes place if a heavy ini-
tially lies above a lighter one in a gravitational field. This
phenomenon is called the Rayleigh-Taylor instability. The
heavier fluid is pulled down by gravitational force while
the lighter fluid pushes up the heavier fluid. Consequently,
fluid advection occur.

In this project, we interest the evolution of interface
between two fluids. The instability that occurred by the
difference of densities between two fluids cause the shape
of interface advection pattern. The shape of spike and
bubble will occur in beginning before amplitude of per-
turbation will grow up quickly and going to turbulent.
That is a reason why we rarely see Rayleigh-Taylor insta-
bility in from of spike and bubble in real life. So numerical
simulation is the one way to study this phenomena easier.

THEORY OR METHODS

Governing Equations

The conservation of mass equation for incompressible flow
is

∇ · u = 0 (1)

The momentum equation, when the surface tension is
neglected, the dynamics viscosity of each fluids are the
same, and the one of body force from gravity. Which is

∂u

∂t
+ (u · ∇)u = −∇p

ρ
+ g + µ0∇2u (2)

where u is partial velocity of fluids, p is pressure, µ0 is
dynamics viscosity, and g is gravitational force.

Finite Difference Approximation

Derivative term can approximated by using finite differ-
ence approximation, they are central finite difference for
the first derivative of spatial domain

∂f

∂x
≈ f(x+ ∆x)− f(x−∆x)

2∆x
(3)

central finite difference for the second derivative of spatial
domain

∂2f

∂x2
≈ f(x+ ∆x)− 2f(x) + f(x−∆x)

2∆x2
(4)

and forward finite difference for the first derivative of time
domain

∂f

∂t
≈ f(t+ ∆t)− f(t)

∆x
(5)

Staggered Grid

Staggered grid is rectangular domain which each cell com-
pose by any variables at different location. Middle of cell
stored by pressure and density, vertical edges stored by ve-
locity of fluid in x direction, and horizontal edges stored

49



50 Supa and Boonyasiriwat

by velocity of fluid in y direction. Shown in Figure 2.1

Figure 1: Staggered Grid, triangle is p, pressure, square
rectangle is v, the velocity in y direction, and circle is u,
the velocity in x direction.

Method of Solving

First, we split the momentum equation(2.2) and calculate
the velocity without the pressure term.

u∗ − un

∆t
= −An + g +

1

ρn
Dn (6)

and then adding the pressure

un+1 − u∗

∆t
= −∇hp

ρn
(7)

the superscript n denotes a variable at current time, t,
and n+ 1 denotes a variable at next time step, t+ ∆t. A
is the discrete approximation of advection term. D is the
discrete approximation of diffusion term. u∗ is temporary
velocity. ∇h is a discrete approximation of gradient.

By taking the divergence of equation (2.7) and using
equation (2.1) in discrete approximation at the end of time
step that is equation (2.8)

∇h · un+1 = 0 (8)

we get the Poisson’s equation

∇2
hp =

ρn

∆t
∇h · u∗ (9)

then we solve Poisson’s equation of pressure term and
find un+1. Finally, we advect the density field by using
continuity equation add the term of diffusion, which is

∂ρ

∂t
= −(∇ · u)ρ+ µ0∇2ρ (10)

Computational Domain

Computational domain is rectangular domain. Lx, the
domain height. Ly, the domain width. Inside of domain

composed by any cells which size is ∆x∆y, multiple of
spatial grid spacing in x and y direction. nx, the num-
ber of rows of domain width. ny, the number of domain
height. In addition, we need to add one row of ghost cell
outside the domain for help with implementing bound-
ary conditions. So we get the pressure arrays is dimen-
sioned p(nx + 2, ny + 2). Similarly, we need ghost point
for tangential velocity. The velocity arrays dimensioned
u(nx + 1, ny + 2) and v(nx + 2, ny + 1).

Boundary Conditions

At boundary of domain, we don’t have value of velocity.
But we can calculate the tangent velocity on the wall by
interpolation of the velocity inside the domain and the
ghost velocity, which is given by equation (2.11)

uwall =
1

2
(uinside + ughost) (11)

where uwall is the tangent velocity on the wall, uinside
is the velocity inside the domain, and ughost is the ghost
velocity.

In this simulation, we use full slip boundary condition
which is the tangent velocity on the wall equal to the
velocity inside the domain. In the other hand, we set the
ghost velocity equal to the velocity inside the domain.

RESULTS

Perturbed Interface

We study evolution of interface by adding different ini-
tial perturbation at the interface between two fluids.By
using domain grid size is 32x96, spatial grid spacing in x
and y direction are 0.03125, time step is 0.00125, domain
height is 3.0, domain width is 1.0, and dynamics viscosity
is 0.01.We set the density of heavy fluid is 2.0 and light
fluid is 1.0

The interface is advected by follwing the shape of initial
perturbation. From Figure 3.1 and Figure 3.2, the inter-
face are cosine shape which have different spatial wavenum-
ber and glowth up of perturbation in time. we can see the
glowth up rate is depend on spatial wavenumber.

Unperturbed Interface

We study evolution of interface by no perturbed interface.
Similarly, The parameters are the same of perturbed in-
terface case, but the density of heavy fluid is 8.0 and light
fluid is 2.0.

In part of unperturbed interface, we expect that in-
terface not change, because Rayleigh-Taylor Instability
is unstable fixed point. If no perturbation the interface
shouldn’t be change. But from Figure 3.4, we can see
which have the changing of interface. In this case, we can
explain that interface was perturbed by numerical error
which occur in each calculation steps.
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CONCLUSION

1. Finite difference approximation can be used to sim-
ulate Rayleigh-Taylor instability.

2. Shape of perturbation affect the evolution of inter-
face.

3. Rayleigh-Taylor instability can still occur even though
there is no interface perturbation. This could be the
effect of numerical error.
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Figure 2: Perturbation is (0.1 x domain width)cos(2πx/domain width), times in sec, and density was shown in different
color.

Figure 3: Perturbation is (0.1 x domain width)cos(4πx/domain width), times in sec, and density was shown in different
color.
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Figure 4: Perturbation is (0.1 x domain width)sin(2πx/domain width), times in sec, and density was shown in different
color.

Figure 5: Interface doesn’t perturbed, times in sec, and density was shown in different colour.
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A new chaotic circuit based on a single 555 timer IC

Peera Niranartlumpong, Chaiwoot Boonyasiriwat, and Michael A. Allen

ABSTRACT

Chaotic circuits have been a practical tool for studying
chaos for many decades. While some previous works fo-
cused on mathematical simplicity or reducing the num-
ber of components, this paper proposes a simple circuit
in the sense of practical stand point using a well known
and widely used component, 555 timer IC, and other
common elements such as an inductor and capacitors.
The IC produces nonlinearity and acts as a hysteresis
switch. Mathematical analysis gives a 4-dimentional
system of first order differential equations. Three of dy-
namical variables have a nonlinearly conditioned func-
tion. Simulation and real experiment give solutions of
dependent variables such as voltage difference across
capacitors and current passing an inductor. Varying
concerning parameters, the system exhibits various bi-
furcations from a fixed point to higher-period limit cy-
cle and eventually to be chaotic in the sense that the
trajectories have unmeasurable period and each vari-
able has broad-band spectrum. Reducing the number
of components, finding other range of parameters to
give an easily observing result, and mathematical proof
of chaos are future work.

INTRODUCTION

The 555 timer IC has been one of the most popular inte-
grated circuit since 1971 among electronics learners and
users. It can be used for producing square wave signal
with adjustable pulse width and frequency by varying two
resistances and one capacitance. Normally, the control
port, pin 5, is isolated and protected from the other signal
by connecting with another small capacitor and ground in
series, otherwise the pulse width of the output signal can
be varied if the potential of this pin is not stable Berlin
(1979). An interesting problem is how chaotic the system
can be if we feedback the processed output signal into this
control pin in a simple way.

The oscillating output of 555 timer astable circuit is
autonomous or self-oscillated according to the definition
by A. Jenkins Jenkins (2013) because it does not have
any time dependent source of energy. Although the out-
put signal orbits in a finite range of voltage, it cannot be
chaotic because it lacks of a degree of freedom. According
to Kenedy (1993), an autonomous continuous chaotic cir-
cuit consisting of resistors, capacitors, and inductors must
contain (1) at least one nonlinear element, (2) at least one
locally active resistor, (3) at least three energy-storage el-
ements. The 555 timer IC plays the role of nonlinear ele-
ment and we have enough resistors, so we add more energy
storage elements, i.e., two capacitors and one inductor.
Minimizing the number of components is the further task
to do after we can build a chaotic circuit.

There was a chaotic circuit that has some components
like the 555 timer IC: comparators (made by op-amps)
and a flip-flop: proposed by T. Tsubone and T. Saito in
1998 Tsubone and Saito (1998). These components acts
like a hysteresis switch. While the comparators provide
non-linearity, the flip-flop exhibits a memory effect Jones
et al. (1993). This dependent switch can be described by
a delayed-conditioned function of infinitesimally delayed
time or a function of another discrete dummy variable y
and other state variables x, ẋ, corresponding to the voltage
of the two capacitors in the circuit, at a time. The gov-
erning equation of this 3-D dynamical system is a second
order differential equation with another dummy variable:

ẍ− 2δẋ+ x = αh(x, ẋ, y),

h(x, ẋ, y) =

{
1, for (x, ẋ, y) ∈ Da

−1, for (x, ẋ, y) ∈ Db

Da ≡ {(x, ẋ, y)|x > Th, y = 1}∪
{(x, ẋ, y)|x < Th, ẋ ≤ 0, y = 1}

Db ≡ {(x, ẋ, y)|x < Th, y = 1}∪
{(x, ẋ, y)|x ≥ Th, ẋ ≥ 0, y = 1}

,

(1)

where δ ∈ (−1, 1), α ∈ R, Th = 0 are the system param-
eters. y ∈ {−1, 1} is positive and negative if the solution
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is in Da and Db, respectively. It changes its sign just
after the state hits boundaries of Da or Db, so solving
this continuous dynamical system in step is inevitable,
like solving most of delayed differential equation. By con-
sidering the solution at extremum of x, they can derive
a piecewise-linear return map for this system and prove
the existence of chaos by showing a positive Lyapunov
exponent discretely. Nevertheless, implementation of this
circuit is elaborate compared to other simple chaotic cir-
cuits Piper (2010).
Instead of making a hysteresis switch using many com-

parators and a flip-flop, using a single 555 timer IC is
simpler in the sense of practical standpoint. The proposed
circuit provides three types of attractor, i.e., a stable fixed
point, limit cycles, and possibly a chaotic attractor. The
limit cycles have the highest frequency component in the
range of 5-10 kHz, so the parasitic property of transistors
in the IC 555 does not occur making mathematical analy-
sis not too complicated. This circuit is simple to construct
and challenging to investigate mathematically.
This proceeding paper is organized as followed. we first

describe how to construct the circuit. Then circuit is anal-
ysed mathematically and compared with the circuit pro-
posed by Tsubone and Saito (1998) to predict the con-
dition for exhibiting chaos. The results from simulation
and real experiment are shown. A summary is given with
future work.

CONSTRUCTION OF CHAOTIC CIRCUIT
USING 555 TIMER IC

The proposed circuit consists of 1 timer IC, 3 resistors, 3
capacitors, 1 inductor, and a 9-volt battery as shown in
Figure 1. The output port, pin 3, of 555 timer astable
circuit connects with RLC damping circuit via the output
voltage and the control port, pin 5.

555

R1

R2

C3 L
C2

9 V 

5

1
C1

7

R

8

34

6

2

Figure 1: The schematic diagram of the chaotic circuit

where V0 is the supplying voltage from a 9-volt battery.
R1 = 1 kΩ ± 5%, R2 = 5 MΩ ± 5%, and C1 = 40 pF
are, respectively, resistances of two resistors and capac-
itance of 100 pF capacitive trimmer, No. 100, in 555
astable circuit. The value of capacitance can be mea-
sured by a digital multimeter having tolerance around 3%.
We can use other capacitances and resistance as long as
this 555 astable circuit produces square wave signal of
frequency around 3.6 kHz with duty cycle ≈ 50%, e.g.,
R1 = 250 Ω, R2 = 20 kΩ and C1 = 10 nF . There are
a lot of on-line calculators for computing these values or
books providing formula such as Berlin (1979). The resis-
tance of a resistor in 555 timer IC r = 4.43 kΩ± 3% can
be determined by directly measuring the resistance across
pin 1 and 8 divided by 3. C2, C3 are the capacitances
of buffer capacitors between control pin and another RLC
circuit, and the capacitor in RLC parallel bandpass filter,
respectively. The coupling capacitor can be composed of
compound capacitors in parallel or series to has the value
C3 in the range of 100−250 nF . In this work, we consider
C3 = 21 nF and the buffer capacitance C2 = 10 µF . The
potentiometer between the 555 timer’s output pin and the
inductor has its resistance R = 0 − 5 kΩ. The inductor
having inductance L = 24.8 mH ± 3% and series resis-
tance rL = 10.4 Ω ± 3% is made by wrapping enamelled
copper wire No. 22 for about 3,200 turns around a PVC
tube of outer diameter of 1 inch. The picture of the real
circuit is shown in Figure 2.

Figure 2: Real circuit with a voltage follower

In order to observe the voltage difference across C1, we
use an op-amp as a voltage follower to prevent perturbing
the 555 astable circuit as we shall see the IC on the right
of the Figure 2.
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MATHEMATICAL ANALYSIS OF THE
SYSTEM

The system variables V1, V2, V3, and IL correspond to the
voltage across three capacitors C1, C2, C3, and the current
passing the inductor, respectively. When C1 is charging,
the current directly passes R1, R2 and C1 from battery to

the ground giving V̇1 =
ε− V1

(R1 +R2)C1
. After the poten-

tial of C1 reaches the potential of control pin, the node
between R1 and R2 or discharge port, pin 7, is shorted to

the ground, so C1 is discharging, giving V̇1 =
−V1

R2C1
, until

its potential reach 1/2 of that of control pin. We will call
the voltage of control pin as “roof” and half of that as
“floor”. There are three equal resistors r inside the 555
timer IC connecting the voltage supply port, pin 8, to the
ground Berlin (1979). The control port connects to the
node between the first and second resistors inside the IC.
By Kirchhoff’s voltage law, we get

V̇2 =
V0/3− V2 − V3

(R+ 2r/3)C2
, V̇3 =

(
V0/3− V2 − V3

(R+ 2r/3)
+ IL

)
1

C3

for charging period of C1 and

V̇2 =
2V0/3− V2 − V3

(R+ 2r/3)C2
, V̇3 =

(
2V0/3− V2 − V3

(R+ 2r/3)
+ IL

)
1

C3

for charging period of C1. Dynamic of current passing
the inductor is found by Faraday’s law of induction: İL =
−V3 − ILrL

L
. The governing equations are then given by

ẇ =

{
a (1− w) , charge

−bw, discharge

ẋ =

{
cd (1/3− x− y) , charge

cd (2/3− x− y) , discharge

ẏ =

{
e (c(1/3− x− y) + z) , charge

e (c(2/3− x− y) + z) , discharge

ż =−fy − gz,

(2)

where the variables V1/V0, V2/V0, V3/V0, IL are replaced

by w, x, y, z and the parameters
1

(R1 +R2)C1
,

1

R2C1
,

1

R+ 2r/3
,
1

C2
,
1

C3
, V1/L, rL/L are replaced by a, b, c, d, e,

f, g, respectively. The charging condition occurs, at time
t, when

(
w(t) < v↑(T ) ∧ lim

T→t−
ẇ(T ) > 0

)
∨ w(t) ≤ v↓(T )/2,

and the discharging condition occurs when
(
w(t) > v↓(T )/2 ∧ lim

T→t−
ẇ(T ) < 0

)
∨ w(t) ≥ v↑(T ),

where

v =




v↑ = 1− x− y, charge

v↓ =
2

3
− 2rc

3
(2/3− x− y) , discharge

. (3)

The nonlinear effect in (2) comes from the conditions of
charging and discharging which depend on the comparison
between the states of w, x, and y at infinitesimally earlier
and current time. It has a delayed effect because of an in-
finitesimally delay time, but the dependence is only from
the sign of comparison. Despite the conditions, there is no
delayed term in the governing equations. Furthermore, in
the first equation, w does not depend on other state vari-
ables directly. It connects to the others by the conditions
of charge and discharge.

The equilibrium or fixed points are where the system
does not change its state variable. We can analytically
predict them by setting all of ẇ, ẋ, ẏ, ż to zero and equate
equations. We get the fixed points at (W1,2, X1,2, Y1,2, Z1,2) =
(1, 1/3, 0, 0) and (0, 2/3, 0, 0) for charging and discharging,
respectively. Because of linearity, the system (2) can be
written in the matrix form:




ẇ
ẋ
ẏ
ż


 =





−




a 0 0 0

0 cd cd 0

0 ce ce −e

0 f 0 g







w

x

y

z


+




1

1/3

1/3

0


 , charge

−




b 0 0 0

0 cd cd 0

0 ce ce −e

0 f 0 g







w

x

y

z


+




0

2/3

2/3

0


 , discharge

(4)

The solution near fixed points is

δ~s =

4∑

i=1

Aie
λit~ei,

where δ~s is the position vector from a fixed point, A′
is

are constant from initial conditions, λi and ~ei are the ith

eigenvalue and eigenvector, respectively.
It is difficult to find all eigenvalues without substitut-

ing the parameters, but we could find, at least, the first
one, λ1 = −a or − b for respectively charge and discharge
in which the trajectory is attracted in this correspond-
ing eigenvector axis. Three remaining eigenvalues are the
roots of the cubic equation obtained by equating to zero
the characteristic polynomial can be 1 real and 2 complex
conjugate numbers because a cubic function must atleast
cross the x-axis once. Consequently, a trajectory near a
fixed point could be attracted or repelled exponentially in
one direction and moves spirally into a fixed point in a
plane.

In the last decade, chaotic systems written as high-order
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differential equations (DE) in one dimension have come
into fashion Piper (2010). The system (2) can be written
in the form (1)as proposed in Tsubone and Saito (1998)
because each derivative of a variable with different or-
der is independent of each other. The simplest way to
transform a high-order differential equations into a sys-
tem of first-order differential equations is to substitute
the first to highest order derivative by new distinct vari-
ables. The consequently linearly independent variable can
be superposed to give a new system with new basis hav-
ing the form as we used in (2). So, in principle, our sys-
tem can be expressed in the form of 4th order differential
equations. The remaining point to compare is to write
the condition of charge and discharge by the method of
new dummy variable in (1). Let p = 1 and p = −1, re-
spectively, correspond to limT→t− ẇ > 0 and discharge
or limT→t− ẇ < 0. The differences between charge and
discharge condition are constant terms and coefficient of
w in the system (2), so we can combine each conditioned
equations into an equation with terms of (1+h)/2, where
h = h(w, x, y, p):

h(w, x, y, p) =

{
1, for (w, x, y, p) ∈ Da

−1, for (w, x, y, p) ∈ Db

Da ≡ {(w, x, y, p)|w < v↑(x, y), y = 1}∪
{(w, x, y, p)|w ≤ v↓(x, y)/2}

Db ≡ {(w, x, y, p)|w > v↓(x, y)/2, y = 1}∪
{(w, x, y, p)|w ≥ v↑(x, y)}}

.

Although this is a 4-dimensional system, the first vari-
able, w, almost does not interact with the other dependent
variables. It is just the charging and discharging exponen-
tial function of R-C circuit without distortion. Increasing
the capacitance C1 enhances the time rate of change of
V1, while R1 and R2 control the ratio of charge and dis-
charge time. Consequently, higher C1 allows each damped
oscillation to sustain itself longer before switching. The
capacitor C3 and the inductor L produce an impedance
oscillation: exchange of potential energy between a capac-
itor and an inductor back and forth. Both C3 and L dilate
the period of oscillation, but C3 decreases the amplitude,
while L increases it. The resistor R, of course, consumes
energy and attenuates the oscillation. The capacitor C2

acts as a buffer of overall signal, the last three variables.
It is charged and discharged as the output voltage is high
or low, but also oscillates according to the impedance os-
cillation. The higher capacitance C2, the lower amplitude
of influenced oscillation is. The resultant signal v is the
superposition of voltage difference across each element.
For convenience, we consider 2 linearly independent vari-

ables w and v for adjusting parameters because the former
relates to the other only via the condition of v that is a
combination of damped oscillation and exponential func-
tion. As the charging w is equal to v curve, the condition
changes to discharge. On the other hand, it changes to
charging again when w hits on v while discharging. The
sudden change stimulates a new oscillation which, later
on, behaves like a 3-dimensional system with a new set

of initial conditions as shown on the right side of Figure
5. Our assumption is that the charge/discharge function
of w should be similar to the envelope of v to make the
intersecting points be in the vicinity of various troughs of
v↑ and crests of v↓/2.

SIMULATION AND REAL EXPERIMENT

After varying parameters in the simulation using a virtual
circuit software, NI Multisim 10, we found an appropriate
range of R,L,C1,2,3 to produce bifurcations and chaos.
These parameters are R1 = 28.9 kΩ, R2 = 57.7 kΩ, C1 =
1 nF,R = 6 Ω, L = 60 mH,C3 = 50 nF,C2 = 5 µF with
a 9V-battery. The results of the simulation are shown in
Figure 3.

The orbit experiences period 1 limit cycle when R is in
the range of 800 Ω − 5 kΩ, then period doubling bifur-
cates once around R = 700 Ω and enters another basin
of attraction when R is around 600 Ω. When R is below
455 Ω, the two basins merge together letting the trajec-
tory passes two local maxima of v. Decreasing R, the
number of events that charging curve V1 passes the crest
of damped oscillation v compared to that of another event
that charging curve V1 does not passes is higher. The
smaller loops split into 3 bands. Finally, the attractor
ends up with period 3 limit cycle for R < 150 Ω.

We realize that NI Multisim 10 does not provide an ac-
curate calculation for the 555 timer IC. It treats the IC
as a black box giving the output voltage from a given in-
put signal from pins 5, but does not take the resistance of
voltage divider inside the IC into account. So we recon-
struct the IC according to real one we have by 3 resistors
r = 4.43 kΩ, 2 comparators, 1 SR flip-flop, 1 controlled
switch instead of a transistor to avoid continuous response
as illustrated in Figure .

The internal resistors of the IC cause damped oscilla-
tion to decay faster and to have higher frequency and
smaller amplitude. After briefly sweeping our parame-
ters, we found period doubling or adding bifurcation as
shown in Figure 3.

In real circuit, we set the parameters according to the
mentioned values in Section 2. The circuit exhibits pe-
riod doubling bifurcations back and forth frequently as
we decrease the resistance R from 5 kΩ to 40 Ω because
V1 changes the point between adjacent pulse of damped
oscillation. Then the period suddenly grows up to infinity
(Figure 6).

According to the spectrum analysis, the limit cycle is
period 1 at R = 3.67 kΩ, period 2 at R = 3.00 kΩ, period
1 at R = 2.55 kΩ, period 2 at R = 1.65 kΩ, period 1 at
R = 1.40 kΩ, period 2 at R = 1.19 kΩ, period 1 at R =
1.02 kΩ, and so on with smaller intervals of R: Figures
(6a-6e). Then it suddenly bifurcates many times to chaos
at R = 0.41 kΩ, exhibits intermittency at R = 89 Ω, and
becomes chaotic again through the lowest series resistance
we can have R = 16.3 Ω (Figures 7f-7h).
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Figure 3: X-Y plot and time series of V1 (red) and v (blue)
for (a-d) R = 5 kΩ, 700 Ω, 600 Ω, 455 Ω, 2:2 V/div (left),
200 s/div-5 V/div (right), and (e-h) R = 400 Ω, 200 Ω,
175 Ω, 100 Ω, 2:2 V/div (left), 2 ms/div-5 V/div (right.)
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SUMMARY

For the first time, the well known and widely used 555
timer IC was combined with an RLC damping circuit to
create a new chaotic circuit. The corrected simulation
result and the result from experiment was more damped
than the former result shown in Figure 3 because there
are 3 more resistors in the 555 time IC, so the real results
are in another range of period. New corrected circuit had
been simulated both in Matlab and NI Multisim 10, but
the accurate parameters of bifurcations was not found yet.
However, after correcting the simulation, the result was
consistent with real experiment. We found bifurcations
route to increase period, intermittency and broad-band
spectrum signal.

FUTURE WORK

There are 8 essential tasks to be accomplished in the fu-
ture.

1. Modify the simulation to be more realistic.

2. Verify that the simulation results from Matlab and
NI Multisim are consistent or find the reason if they
are not.

3. Determine the parameters for exhibiting bifurcation
accurately both in real experiment and simulation.

4. Try to vary other parameters such as L, R1, R2, C1,
C2, C3 and observe bifurcations.

5. Find chaos in other range of parameters such that
the mean frequency of oscillation can be observed by
eyes if an LED is applied and flashed.

6. Reduce the number of energy storage element, L, C,
to make the system simpler.

7. If the reduced system has only two energy storage
element, solve it analytically and transform into a
discrete map as in Tsubone and Saito (1998).

8. Mathematically guarantee the chaos by showing that
the system has a positive Lyapunov exponent.
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Figure 5: X-Y plot , 2:5 V/div (left), and time series of V1 (red) and v (blue), 2ms/div-5V/div (right), for R = 0 Ω,
(a) period 2: C1 = 27 pF,C2 = 10 µF,C3 = 150 nF,L = 50 mH, and (b) period 64: C1 = 50 pF,C2 = 1 µF,C3 =
360 nF,L = 158 mH.
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Figure 6: X-Y plot of V1 and v for period 1, period 2, chaotic, and intermittent limit cycle attractors (a-d). (e) zooms
to a part of chaotic chaotic attractor. (f) shows the time series of V1 (yellow) and v (blue), 1ms/div, 2V/div
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Figure 7: spectrum of V1 time series, 1.25 kHz/div, 10 dB/div. (a-e) represent period 2, 1, 2, 1, 2 limit cycle at
R = 3.00 kΩ, 2.55 kΩ, 1.65 kΩ, 1.40 kΩ, 1.19 kΩ, 1.02 kΩ. (f,g,h) are of chaos at R = 0.41 kΩ, intermittency at R = 89 Ω,
and chaotic attractor at R = 16.3 Ω
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Mathematical Modeling of Magnetic Pendulum

Harirak Intarak and Chaiwoot Boonyasiriwat

ABSTRACT

In this work, we study the dynamics of a pendulum
with a small magnet attached at the end of the pen-
dulum arm. The magnet interacts with a fluctuating
magnetic field generated by an electromagnet with an
alternative current passing through. The magnetic field
acts as the driving force so the system can be described
as a damped, forced oscillation. Unlike conventional
forced oscillation, the magnetic pendulum can exhibit
large-amplitude undamped oscillations at driving fre-
quencies higher than the resonance frequency. The key
differece is that in the magnetic pendulum system, the
driving force only acts at low angular displacement.
Experimental results show that the undamped oscilla-
tion amplitude is in the range of 10-20 Hz and oscilla-
tion amplitude is in the range of 12-24 degrees. Numer-
ical results from our mathematical model can simulate
undamped oscillation but are not yet in agreement with
the experimental results. The further model develope-
ment is required.

INTRODUCTION

There are various types of magnetic pendulum. The main
idia of the magnetic pendulum is that it is the pendulum
with magnet at the end of the arm. And there is the
force interacted with the pendulum which is the magnetic
force that come from other magnet or the interaction with
the magnetic field generated by the electromagnet from
Biot-Savart’s law described that when the electric current
passing through the electromagnet, it will generate the
magnetic field. In this case, the force act on pendulum
is due to the interaction with the magnetic field from the
electromagnet generated by alternative current (AC). We
called this oscillation is driven forced oscillation.
Speaking of forced pendulum, this magnetic pendulum

is difference. Because of the driving force only acts at low

angular displacement, the large-amplitude undamped os-
cillation occurs not only at the resonance frequency but
also at the certain frequencies. This is the key of un-
damped behavior.

Damgov (2000) thought that the force in interaction
zone can be represented by boxcar function which equal F
in the interval ±d

2 and zero otherwise, while F is the force
coefficient. But in fact, it shouldn’t be boxcar function
because the magnetic force is the inverse square force.
It just like the electric force F = kq1q2/r

2 but it is not
charge it is magnetic moment, F = km1m2/r

2 . It should
represent by other function, in this study show that it
represented by gaussian function. The adventage of using
gaussian function is it can represent the slow change of
the force when it away from the center and gently fade
away as force depend on 1/r2.

We would like to introduce the apparatus in this exper-
iment. As shown in Figure 1, there are function generator
on the left side that creates sine wave current. The right
hand side is amplifier that amplifies the signal from func-
tion generator through the output at center that is elec-
tromagnet to create magnetic field. The pendulum arm in
this case is the physical pendulum. This apparatus based
on Tennenbeum (2005), but the pendulum in this case is
the physical pendulum.

In this report, it will cover the concept of being un-
damped oscillation, how we study the pendulum, the re-
sults from both experiment and numerical, and the prob-
lem with experiment.

THEORY AND METHODS

This section contains three parts, first is type of oscilla-
tion, the second is the concept in which the pendulum stay
undamped, and the last one is how we study the pendu-
lum, it also cover the model that we study and how we
find it.

I will introduce the three types of oscillation which
are simple harmonic oscillation, damped oscillation, and
driven forced oscillation plus this magnetic pendulum os-

65
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Figure 1: The apparatus in this experiment

cillation. First of all, we need to introduce the concept of
oscillation. In ideal system, there are two force on the sys-
tem that are restoring force and force from inertia. The
restoring force is the force that bring the system to the
equilibrium and inertia is the resistance of any physical
object to any change in its state of motion.
In case of simple harmonic oscillation, the restoring

force is propotional to displacement, such as angular dis-
placement. The amplitude of oscillation is stay the same,
since there is no force that lose energy from the system.
We can write the equation of motion from Newton’s law
of motion in angular part

τnet = Iα (1)

−mgl sin θ = Iθ̈ (2)

Since angle in simple harmonic oscillation isn’t large,
we can approximate sin θ ≈ θ. And the moment of inertia
of light pendulum is I = ml2. Therefore the equation of
motion in simple harmonic oscillation is

θ̈ +
g

l
θ = 0 (3)

θ̈ + ω2
0θ = 0 (4)

Which we call ω0 is the natural frequency of the system
which equal to

√
g/l. We can find the exact solution is

θ(t) = A cos(ω0t− φ) (5)

While A is the amplitude of the oscillation at t = 0 and
φ is initial phase. The graph relation between time and
angular displacement as seen in Figure 2
The figure 2 shows that the in simple harmonic oscilal-

tion, it oscillate at frequency eqal to natural frequency√
g/l with the constant amplitude.
When the system has the force that lose energy from

system, we call this oscillation is damped oscillation, such
as drag force, friction force. The damping force that add
to the system depends on velocity, therefore we can ap-
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Figure 2: The function of angular displacement respect to
time of simple harmonics oscillation

proximate using only linear term as Fd = blω, while b is
drag coefficient and ω is angular velocity. The equation
of motion becomes

−mglθ − bl2θ̇ = Iθ̈ (6)

−g

l
θ − b

m
θ̇ = θ̈ (7)

Define ω0 =
√

g/l and a = b/m then the equation of
motion becomes

θ̈ + ω2
0θ + aθ̇ = 0 (8)

The exact solution of this equation is

θ(t) = Ae−(a/2)t cos(ω1t− φ) (9)

While A is the amplitude of the oscillation at t = 0 and a
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is the drag coefficient and ω1 =
√

ω2
0 − b2/4 and φ is ini-

tial phase. The graph relation between time and angular
displacement as seen in Figure 3
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Figure 3: The function of angular displacement respect to
time of damped oscillation

As you can see in Figure 3, the amplitude of the oscilla-
tion gradually decrease until it is zero. As in the solution
equation 9, the exponential term is the decresing term
that make the oscillation decreased until the time the am-
plitude is zero.
And when we have external force acts on system, we

call this oscillation is forced oscillation. Such as sinusoidal
force : Fdriv(t) = F sin(ωf t+φf ), while F is the amplitude
of driving force. The equation of motion becomes

θ̈ + ω2
0θ + aθ̇ = F sin(ωf t+ φf ) (10)

There is a exact solution comes from the homogeneous
solution plus only one particular solution as

θ(t) = Ae−(a/2)t cos(ω1t− φ) +B cos(ωf t− δ) (11)

While A is the amplitude of the oscillation at t = 0 and
φ is initial phase, both of it come from initial condition.
And B and δ can be calculated from

B =

√
F 2

(ω2
0 − ω2

f )
2 + a2ω2

f

(12)

δ = arctan

(
aωf

ω2
0 − ω2

f

)
(13)

We can see that at the first term it is the transient term,
once in long time the first term is decay and the second
term is dominated. The oscillation will oscillate at fre-
quency ωf with unchanging amplitude for as long as the
driving force is maintained. But this solution isn’t the

general solution, thereforce this solution can’t predict mo-
tion at all time, this particular solution can describe the
oscillation at long time but not at transient time. There-
fore there should be more particular solutions that corre-
sponding to homogeneous equation add to be the general
solution.

The graph relation between time and angular displace-
ment as seen in Figure 4
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Figure 4: The function of angular displacement respect to
time of driven forced oscillation

As shown in Figure 4, the amplitude at long time is
constant and oscillate with some certain frequency. As in
equation 11, if the time is long, the first term will disap-
pear and second term is dominated.

If we talk about large amplitude of the oscillation at
long time, we will see that if ωf is equal to ω0, the ampli-
tude of the oscillation at long time will be B = F/(aωf ).
If we plot graph with frequency to square amplitude, as
shown in Figure 5
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Figure 5: Resonance curve of forced oscillation

There is only one frequency that take the amplitude of
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Figure 6: (Left)The illustration of the pendulum. (Right) Gaussian function

the oscillation to be large and gives undamped oscillation.
That frequency is called resonance frequency.
But if we talk about the magnetic pendulum in this

study, as we said earlier, we observe that large ampli-
tude undamped oscillation occur not only at resonance fre-
quency but also at other certain frequency. And sinusoil-
dal force in this case is causing from passing AC through
electromagnet that create magnetic field with north pole
alternate with south pole. The equation of motion of mag-
netic pendulum is

Iθ̈ +mgl sin θ + blθ̇ = F (θ) sin(ωf t+ φf ) (14)

In this case, we need to introduce the moment of inertia of
this pendulum, because the our apparatus is the physical
pendulum as Figure 6 (Left) then

I = Iring at end + Irod at end + parallel axis contribution (15)

I =
1

2
mring(r

2
1 + r22) +

1

3
mrodl

2 +mrodr
2
2 (16)

and we cannot approximate sin(θ) ≈ θ, since the angle
isn’t small as it have been. And the term F (θ) is the
FG(θ), while F is the force amplitude and G(θ) is the
gaussian function. As Figure 6 (Right)
Term φf is added due to the initial phase of the function

generator.
Since equation of motion in equation (14) isn’t linear di-

ferrential equation, the exact solution doesn’t exist. There
is approximate solution but it is quite difficult to solve an-
alytically. We can solve this equation by using numerical
calculation and obtain the numerical solution that have
only the numeral. We can plot solution to see trend of
the solution. To calculate numerically second order ODE,
we can split into two first order ODE.

dθ̇

dt
= −mgl

I
sin θ − bl

I
θ̇ +

Fl

I
sin(ωf t+ φf )

dθ

dt
= θ̇

And using the numerical method that calculate the dif-
ferentiate, such as 4th order Runge-Kutta (RK4). We use
this method because of it have the most accuracy compare
with computer cost. Denote that f(x, y) is the slope at
(x, y). RK4 method using four slope (k1 − k4) and weight
to be the average slope that use to predict next point.

k1 = f(x0, y0)

k2 = f(x0 +
h

2
, y0 +

h

2
k1)

k3 = f(x0 +
h

2
, y0 +

h

2
k2)

k4 = f(x0 + h, y0 + hk3)

y1 = y0 +
h

6
(k1 + 2k2 + 2k3 + k4)

The key concept of large amplitude undamped oscilla-
tion is that when the pendulum begins at large amplitude
and go to the interaction zone if the pendulum gain energy
from the driving force enough to compensate the losing en-
ergy from drag force, the oscillation will be undamp and
can visualize as Figure 7 that plus side is gaining energy
and minus sign is losing energy.

But saying that doesn’t quite true, it should add the
word “at asymtotic time” because at the transient time
the pendulum doesn’t oscillate undamped evenly. It seem
to be undamped oscillation but the amplitude is not the
same, it up and down until it is in steady state. Therefore
at asymtotic time the system will oscillate undamped.

The method how we study is first of all we need the
data in the experiment obtained by recorded the video in
120 frames per second, and using MATLAB to track the
pendulum and obtain data. The reason why we use MAT-
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Figure 7: The visualization of how the pendulum stay
undamped

LAB instead of Tracker program. Because when we track
in Tracker, the position of the pendulum shift little by
little, after that the tracking position is missing as shown
in Figure 8 (Left). Therefore we develop the graphic user
interface (GUI) in MATLAB program as shown in Figure
8 (Right) to track the position of the pendulum instead.
When we have real data we need to know the param-

eter in our model, such as drag coefficient. We use the
numerical simulation, RK4 in this case, to estimate the
parameter by matching with real data. We also develop
the GUI MATLAB program for estimating the parameter
easily as shown in Figure 9
After obtain parameter, we will simulate to find the

condition that is large amplitude undamped oscillation.
And compare with the real experiment.

RESULTS

The result from finding parameter is that the linear drag
coefficient is about 0.8 and quadratic drag coefficient is
about 0.01 as shown in Figure 9 .
The result from experiment is that the large amplitude

undamped oscillation occur at frequency equal to 10-20 Hz
which has amplitude equal to 12-24 degree. As in figure
10
And from the results show that at difference initial

phase of driving force, the results of the experiment is
different. We cannot know initial phase of driving force
exactly what it is. It affects the result that at one initial
phase it is undamped oscillation, while at other one this
result isn’t undamped oscillation as shown in Figure 11
But in the numerical simulation, we found that the large

amplitude undamped oscillation is at frequency 3.78 and
5.41 Hz with amplitude equal to 15 and 16 degree as shown
in Figure 12
There are several drawbacks in this experiment. First

is the friction on the system. Since this pendulum arm
is the physical pendulum, the friction is large. When the
friction is large, it means that the energy losing from the
system is large. Therefore the system can’t sustain the
undamped behavior. Causing that we can’t find the large
amplitude undamped oscillation at higher initial angu-
lar displacement. Second problem is unknowning initial

phase of driving force. Thereforce we have to try sev-
eral times to occur large amplitude undamped oscillation.
The key problem is that we can’t know and control the
initial phase of driving force. Resulting in we may missing
some initial angular displacement that make large ampli-
tude undamped oscillation and hard to analysis. The last
problem is that the waveform of the function generator
at low frequency isn’t seem to be sine wave. It may be
the result of function generator cutt a square wave to be
sine wave, but in lower frequency it doesn’t have efficiency
enough. So the sine wave is not pure sine wave and when
it is amplified the wave form looks terribly. The key is
that this pendulum has the natural frequency about 0.76
Hz. And we cannot generate the wave that is pure sine
wave at low frequency as shown in Figure 13. As you can
see this is not sine wave at all.

SUMMARY

The experiment shows that the large amplitude undamped
oscillation occurs at frequency 10 and 20 Hz and has am-
plitude at 12 and 24 degree respectively.

There are several drawbacks that make it is hard to
analysis. Those are large riction in system, unknowing
initial phase of driving force and also it is uncontrollable,
and last one is function generator can’t generate sine wave,
which is pure sine wave at low frequency.

The numerical simulation from our model can simulate
the undamped oscillation that occur at frequency 3.78 and
5.41 Hz. But cannot be agreement well with real experi-
ment. Therefore the further model need to be developed.
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Figure 8: (Left) Drawback of Tracker program. (Right) GUI tracking program

Figure 9: GUI for estimating parameter in MATLAB
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PML formulation for full-waveform modeling of P-SV wave
propagation

Chaiwoot Boonyasiriwat

ABSTRACT

Perfectly matched layer (PML) is the most widely used boundary layer for absorbing
wavefield energy at the domain boundary to reduce spurious reflections. In this report
I presents the PML formulation of the P-SV elastic wave equations for full-waveform
modeling using explicit finite-difference method. A free surface boundary crucial for
surface-wave modeling is also described.

INTRODUCTION

Numerical modeling has been an essential tool for research in seismology for many decades.
To simulate seismic wave propagation, an acoustic or elastic wave equation is numerically
solved using a numerical method, e.g., finite-difference or finite-element method. In explo-
ration seismology, the domain size is in the order of tens of kilometers. To avoid spurious
reflections from the domain boundary, an absorbing boundary condition or layer is usually
applied. The most widely used absorbing boundary layer is PML (Berenger, 1994).

In this report, I present a PML formulation for modeling of P-SV wave equations in the
velocity-stress form used by Levander (1988). The PML formulation is then solved by an
explicit finite-difference method to simulate seismic body and surface wave propagation in
a synthetic model.

PML FORMULATION OF P-SV WAVE EQUATIONS

The P-SV wave equations in the velocity-stress form are given by

ρ
∂u

∂t
=

∂τxx
∂x

+
∂τxz
∂z

, (1)

ρ
∂w

∂t
=

∂τzx
∂x

+
∂τzz
∂z

, (2)

∂τxx
∂t

= (λ+ 2µ)
∂u

∂x
+ λ

∂w

∂z
, (3)

∂τzz
∂t

= (λ+ 2µ)
∂w

∂z
+ λ

∂u

∂x
, (4)

∂τxz
∂t

= µ

(
∂u

∂z
+
∂w

∂x

)
, (5)

where u and w are particle velocities in x and z directions, τxx, τzz are normal stresses,
τxz = τzx is shear stress, λ and µ are the Lame’s parameters, and ρ is the mass density.
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Equations 1 and 2 are the equation of motion obtained by the application of the Newton’s
second law of motion. Equations 3-5 are the constitutive laws that relate the wavefields to
the material properties.

The first step in the process of deriving the PML formulation is to apply the temporal
Fourier transform to the wave equations 1-5. This yields

−iωρũ =
∂τ̃xx
∂x

+
∂τ̃xz
∂z

, (6)

−iωρw̃ =
∂τ̃zx
∂x

+
∂τ̃zz
∂z

, (7)

−iωτ̃xx = (λ+ 2µ)
∂ũ

∂x
+ λ

∂w̃

∂z
, (8)

−iωτ̃zz = (λ+ 2µ)
∂w̃

∂z
+ λ

∂ũ

∂x
, (9)

−iωτ̃xz = µ

(
∂ũ

∂z
+
∂w̃

∂x

)
, (10)

where ũ, w̃, τ̃xx, τ̃xz, τ̃zz are the Fourier transforms of u,w, τxx, τxz, τzz, respectively, i =√
−1, and ω is the angular frequency. Note that the material properties, ρ, λ, µ are assumed

to be time-independent.

The next step is to apply analytic continuation the frequency-domain wave equations
6-10. We then obtain

−iωρũ =

(
1

1 + iσx
ω

)
∂τ̃xx
∂x

+

(
1

1 + iσz
ω

)
∂τ̃xz
∂z

, (11)

−iωρw̃ =

(
1

1 + iσx
ω

)
∂τ̃zx
∂x

+

(
1

1 + iσz
ω

)
∂τ̃zz
∂z

, (12)

−iωτ̃xx = (λ+ 2µ)

(
1

1 + iσx
ω

)
∂ũ

∂x
+ λ

(
1

1 + iσz
ω

)
∂w̃

∂z
, (13)

−iωτ̃zz = (λ+ 2µ)

(
1

1 + iσx
ω

)
∂w̃

∂z
+ λ

(
1

1 + iσz
ω

)
∂ũ

∂x
, (14)

−iωτ̃xz = µ

[(
1

1 + iσx
ω

)
∂ũ

∂z
+

(
1

1 + iσz
ω

)
∂w̃

∂x

]
, (15)

where σx and σz are the PML damping coefficients which are positive and nonzero within
the PML zone, and are zero in the physical domain.
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Rearranging equations 11-15 yields

(
−iω + σx + σz +

σxσz
−iω

)
ρũ =

(
1 +

σz
−iω

)
∂τ̃xx
∂x

+

(
1 +

σx
−iω

)
∂τ̃xz
∂z

(16)

(
−iω + σx + σz +

σxσz
−iω

)
ρw̃ =

(
1 +

σz
−iω

)
∂τ̃zx
∂x

+

(
1 +

σx
−iω

)
∂τ̃zz
∂z

(17)

(
−iω + σx + σz +

σxσz
−iω

)
τ̃xx = (λ+ 2µ)

(
1 +

σz
−iω

)
∂u

∂x
+ λ

(
1 +

σx
−iω

)
∂w

∂z
(18)

(
−iω + σx + σz +

σxσz
−iω

)
τ̃zz = λ

(
1 +

σz
−iω

)
∂u

∂x
+ (λ+ 2µ)

(
1 +

σx
−iω

)
∂w

∂z
(19)

(
−iω + σx + σz +

σxσz
−iω

)
τ̃xz = µ

[(
1 +

σx
−iω

)
∂u

∂z
+

(
1 +

σz
−iω

)
∂w

∂x

]
. (20)

Let’s introduce the auxilliary fields

−iωφ̃u = ũ, (21)

−iωφ̃w = w̃, (22)

−iωψ̃xx = τ̃xx, (23)

−iωψ̃zz = τ̃zz, (24)

−iωψ̃xz = τ̃xz. (25)

The last step in the process is to apply invert Fourier transform to the wave equations
16-20. This results in the PML formulation given by

ρ

[(
∂

∂t
+ σx + σz

)
u+ σxσzφu

]
=

(
∂τxx
∂x

+ σz
ψxx

∂x

)(
∂τxz
∂z

+ σx
ψxz

∂z

)
, (26)

ρ

[(
∂

∂t
+ σx + σz

)
w + σxσzφw

]
=

(
∂τzx
∂x

+ σz
ψzx

∂x

)(
∂τzz
∂z

+ σx
ψzz

∂z

)
, (27)

(
∂

∂t
+ σx + σz

)
τxx + σxσzψxx = (λ+ 2µ)

(
∂u

∂x
+ σz

φu
∂x

)
+ µ

(
∂w

∂z
+ σx

φw
∂z

)
,(28)

(
∂

∂t
+ σx + σz

)
τzz + σxσzψzz = λ

(
∂u

∂x
+ σz

φu
∂x

)
+ (λ+ 2µ)

(
∂w

∂z
+ σx

φw
∂z

)
,(29)

(
∂

∂t
+ σx + σz

)
τxz + σxσzψxz = µ

[(
∂u

∂z
+ σx

φu
∂z

)
+

(
∂w

∂x
+ σz

φw
∂x

)]
. (30)
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The auxilliary fields also have the time evolution equations, given by

∂φu
∂t

= u, (31)

∂φw
∂t

= w, (32)

∂ψxx

∂t
= τxx, (33)

∂ψzz

∂t
= τzz, (34)

∂ψxz

∂t
= τxz. (35)

Solving equations 26-35, one can simulate P-SV wave propagation in two dimensions
without spurious boundary reflections. Nonetheless, to simulate surface wave propagation
along the free surface, we still need to apply a free surface boundary condition whose details
are given in the next section.

FREE SURFACE BOUNDARY CONDITION

The Earth’s surface, the interface between air and solid rocks or sediments, is usually
considered as a free surface at which the normal and shear shresses perpendicular to the
interface are zero. In the case of a horizontal free surface, τxz = τzz = 0 (Robertsson, 1996).
Equations 4 and 5 then reduce to

∂u

∂z
= −∂w

∂x
, (τxz = 0) (36)

∂w

∂z
= − λ

λ+ 2µ

∂u

∂x
, (τzz = 0) (37)

which are used as constraints at the free surface. When a staggered grid is used, these two
constraints cannot be both utilized at the same time. This is due to the fact that normal
stresses (τxx and τzz) and the shear stress (τxz) are located at different locations within the
grid cell. If the horizontal free surface passes through the normal stresses, it will not pass
through the shear stress. So, in this case, only τzz = 0 and equation 37 is solely applied.
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