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Seismic Data Interpolation and Regularization using Fourier Methods

Chaiwoot Boonyasiriwat

ABSTRACT

Seismic data interpolation is required to fill in the gap
of missing or bad data traces in the regularly sam-
pled seismic data in the spatial direction while seismic
data regularization is needed for transforming irregu-
larly sampled data into regularly sampled data. In the
temporal direction, the data are normally well sampled.
Although the recorded data can be processed without
interpolation or regularization, the imaging result may
contain artifacts such as acquisition footprint. There-
fore, seismic data interpolation and regularization are
a standard data processing step utilized before apply-
ing multichannel processing techniques such as CMP
stacking and migration. The 2D land data from Isan
were acquired with a spatially irregular sampling. To
process this data set, I need to implement some meth-
ods for seismic data interpolation and regularization.
In this work, I implemented the Gülünay’s f − k inter-
polation method since it can interpolate aliased data.
The method is quite easy and straightforward to im-
plement. However, the f − k interpolation method
only works well for linear events and did not provide
a good result on a tested curved event. Then, I eval-
uate the effectiveness of the minimum weighted norm
interpolation (MWNI) using the same synthetic data.
MWNI provides a more accurate interpolation result
than the f − k interpolation method. Nevertheless, I
could not directly apply MWNI to the Isan data since
MWNI is not a regularization method. To regularize
the Isan data, I chose to implement the antileakage
Fourier-based data regularization method proposed by
Xu et al. (2005). An application of the antileakage
regularization to the same synthetic data validates the
correctness of my implementation.

INTRODUCTION

Seismic data are typically acquired with irregularly spatial
sampling due to many reasons such as economical consid-
eration and acquisition limitations. In theory, irregularly
sampled data can still be processed with specially designed
algorithms but the image obtained may still be degraded
to some extent. The most widely adopted workflow is
to regularize the seismic data such that the data traces
are regularly sampled especially in space since the data
are normally well sampled in time. Then the regularized
data can be further processed by standard imaging meth-
ods such as CMP stacking or prestack migration. In the
cases where the data are sampled regularly, there might
be some bad or missing data traces. Seismic data inter-
polation methods can then be used to fill in the missing
gap.

Many data regularization and interpolation methods
have been proposed including binning methods, prediction
filtering methods and transform-based methods. Some
well-known methods include t−x interpolation (Claerbout
and Nichols, 1991; Claerbout, 1992), f − x interpolation
(Spitz, 1991; Porsani, 1999), f−k interpolation (Gülünay
and Chambers, 1997; Gülünay, 2003; Naghizadeh and Sac-
chi, 2007), minimum weighted norm interpolation (Liu,
2004; Liu and Sacchi, 2004), antileakage Fourier-based
method (Xu et al., 2005, 2010).

In this work, I implemented the Gülünay f−k interpola-
tion method (Gülünay, 2003) and the antileakage Fourier-
based regularization method of Xu et al. (2005) in MAT-
LAB. To evaluate the effectiveness of the f − k interpola-
tion method, I applied it to both linear and curved events.
The results show that the method provides a good result
even for aliased linear events but did not provide a good
result for the curved event. The minimum weighted norm
interpolation (MWNI) method (Liu and Sacchi, 2004) has
a better performance on the interpolation of the curved
event. To regularize the Isan data, I plan to use the an-
tileakage Fourier-based regularization method due to the
good results provided in the paper of Xu et al. (2005).
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GÜLÜNAY’S F −K INTERPOLATION

In this section, I present the description of the f − k in-
terpolation method proposed by Gülünay (2003). The
main advantage of this method is that it can be applied
to aliased data with linear events. Due to the use of fast
Fourier transform, this method is very computationally ef-
ficient. The drawback of this method is that it only works
well for linear events.
The basic idea of this method is to perform interpola-

tion in the f−k domain by multiplying a replicated version
of the original data by the interpolation operator which is
obtained from the original data at lower frequencies.
Now I provide the steps to compute the interpolation

operator as described by Gülünay (2003). Figure 1a shows
the synthetic data of 60 traces with 2 linear events in the
(left) t− x and (right) f − k domains. The 33-Hz Ricker
function was used to generate the data with a time sam-
pling interval of 2 ms. The data in Figure 1a is the ref-
erence data to be compared with interpolated data. Sup-
pose we only have the every other trace of this data as
shown in Figure 1b. Note that one of the linear event
is now aliased. Gülünay (2003) called the data shown in
Figure 1b the “known” data. Although the data in the
t−x domain in Figures 1a and 1b are almost the same as
the data used by Gülünay (2003) in Figure 2, the ampli-
tude spectra are quite different. However, as we will see
later, the interpolation process still works. Figure 1c is
obtained by inserting a zero trace in between each pair of
traces in Figure 1b. This is also equivalent to zeroing out
every other trace of the data in Figure 1a. As described by
Gülünay (2003) Figure 1c (right) is a repetition of Figure
1b. Note that the amplitude spectrum in Figure 1c is now
similar to that of Figure 1a except there is also a laterally
shifted spectrum due to the zeroing process. To turn Fig-
ure 1c into Figure 1a, Gülünay (2003) used zero-padding
data as shown in Figures 1d and 1e to compute the in-
terpolation operator shown in Figure 2c. The product of
amplitude spectra in Figures 1c and Figure 2c gives the
desired amplitude spectrum shown in Figure 2b. Using in-
verse Fourier transform we obtain the interpolated data in
the t−x domain shown in Figure 2b which is comparable
to the reference data shown in Figure 2a. The interpo-
lation steps are repeated for interpolating a curved event
(Figure 3) and the interpolation result is shown in Figure
4. The result shows that the f − k interpolation method
is not effective for curved events.

MINIMUM WEIGHTED NORM
INTERPOLATION

Seismic data interpolation can be posed as an inverse
problem (Liu and Sacchi, 2004) which can represented by
the equation

A(m) = d, (1)

where A is the forward modeling operator that maps the
model parameter m into the data d. In the case of data
interpolation, the model parameterm is the complete data

without any missing traces and the data d are the observed
data composed of data traces sampled from the complete
data m by a sampling operator – the forward modeling
operator. The aim of data interpolation is to approximate
m from d and A.

Figure 5 shows the interpolation result of MWNI when
applied to linear events. The result from MWNI is more
accurate than that of the f − k interpolation method.
However, when MWNI was applied to interpolate a curved
event, it failed to converge. This is very surprising because
MWNI works nicely when I added the linear events into
the data. The result is shown in Figure 6. Obviously,
MWNI provides a much better result on the interpolated
curved event than the f − k interpolation method.

ANTILEAKAGE FOURIER-BASED DATA
REGULARIZATION

In this section, I briefly review the theory of the an-
tileakage Fourier transform method proposed by Xu et al.
(2005) and present numerical results from synthetic and
field data.

Let me first define the discrete Fourier transform of ir-
regularly sampled data. Let f(xi) be a given signal at dis-
crete points xj , j = 1, 2, ..., n and ∆xj = (xj+1−xj−1)/2.
The discrete Fourier transform of f(x) denoted by f̂(k),
where k is a spatial frequency or wavenumber, is given by

f̂(k) =
∑

j

f(xj)∆xje
−ikxj , (2)

where j =
√
−1. The inverse Fourier transform for a given

wavenumber k is defined as

fk(xj) = f̂(k)eikxj . (3)

The antileakage Fourier transform estimates Fourier co-
efficients in an iterative manner. To reduce the spec-
tral leakage occurred when irregularly sampled data are
Fourier transformed, the Fourier components are sorted in
a descending order and the strongest components are re-
moved from the data progressively. This is similar to the
Gram-Schmidt orthogonalization normally used to create
an orthogonal set of vectors from a given set of non-
orthogonal vectors.

Suppose kl, l = 1, 2, ...,m, are the sorted wavenumbers.
Each Fourier components is removed from the input data
as in the equation,

fu(xj) = f(xj)− fkl(xj), (4)

After a Fourier component is removed from the data, the
resulting data, fu(xj), is used to recompute the rest of the
Fourier components using equation 2. Then equation 4 is
used to remove the next strongest Fourier component from
the data. This process is repeated until all the Fourier
coefficients are computed.
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Synthetic Data Results

To test the effectiveness of the antileakage Fourier trans-
form, I created an weakly irregularly sampled 1D sig-
nal (black start in Figure 7) and applied the antileak-
age Fourier transform to reconstruct a regularly sampled
signal. The results show that for weakly irregular sam-
pling, both conventional Fourier transform and antileak-
age Fourier transform provide comparable results. When
the sampling is highly regular (Figure 8), the antileakage
Fourier transform provides a more accurate reconstructed
signal than the conventional Fourier transform.
The antileakage Fourier regularization method was then

applied to synthetic data shown in Figure 9a and the re-
constructed data are shown in Figure 9b. This verifies
that the regularization code I developed works correctly.
There are some noise occurred from the regularization pro-
cess including the noise from the spatial wraparound effect
of Fourier transform.

Real Data Results

The regularization method was applied to the 2D Isan
data. The result shown in Figure 10b is very similar to
the input data (Figure 10a). This is because the spatial
sampling is weakly irregular.

SUMMARY

The Gülünay’s f − k interpolation method was imple-
mented and compared with the minimum weighted-norm
interpolation (MWNI) method. The numerical results
show that MWNI is more effective than Gülünay’s f − k
interpolation when applied to curved events. In addition,
the antileakage Fourier-based regularization method was
also implemented and applied to both synthetic and field
data. The numerical results in this case show that the
regularization method can effectively transform the irreg-
ularly sampled data into regularly sampled data but with
some noise. I still need to improve its effectiveness to
reduce the noise. This might be done by applying the
inverse theory to the problem which is similar to MWNI.
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Figure 1: Steps for data interpolation using Gulunay’s f − k interpolation method. The left column contains the data in
the t− x domain while the right column contains the amplitude spectra of the data in the left column.
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Figure 2: Interpolation result of linear events using Gulunay’s f − k interpolation method.
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Figure 3: Steps for data interpolation of a curved event using Gulunay’s f − k interpolation method.
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Figure 4: Interpolation result of a curved event using Gulunay’s f − k interpolation method.
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Figure 5: Interpolation result of linear events using minimum weighted norm interpolation method.
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Figure 6: Interpolation result of linear and curved events using minimum weighted norm interpolation method.
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Figure 7: 1D regularization result of the antileakage Fourier-based regularization method when the signal was weakly
irregularly sampled. The stars in the top axis are the locations of the sampling points. The red lines are regularly
sampled reference signal. The green lines are the reconstructed signals from the weakly irregularly sampled points. The
blue lines are the reconstructed signals using the anti-leakage regularization from the weakly irregularly sampled points.
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Comparisons of methods for surface-wave noise reduction in 2D land
seismic data

Jaroon Sinsawasmongkol and Chaiwoot Boonyasiriwat

ABSTRACT

In petroleum exploration, seismic primary reflections
are mainly used as the signal to provide estimated im-
ages of the Earth’s subsurface structures while other
types of seismic events are considered as noise. In
land data acquisition, the seismic data are normally
corrupted with strong surface-wave noise which must
be filtered out before further data processing. In this
work, we implement and compare five methods for
surface-wave noise reduction. The implemented meth-
ods include frequency-wavenumber filtering, seismic in-
terferometry, radial trace transform, and local radial
trace median filtering. These methods are applied
to both synthetic and field seismic data. We pro-
pose to use a hybrid method which is a combination
of frequency-wavenumber filtering, seismic interferom-
etry, and local radial trace median filtering. The results
show that the hybrid is more effective than each indi-
vidual method.

INTRODUCTION

In 2D land seismic survey, surface waves, refracted waves,
and reflected waves are recorded in the seismic data. Typ-
ically, only primary reflection events are used to image
the subsurface structures while the other events including
surface wave, refraction, and multiple reflections are con-
sidered as noise. The amplitude of the surface-wave noise
is very strong compared to that of the primary reflection
signal due to their amplitude decay nature. Therefore,
in land data, surface-wave events are the main noise that
must be removed to reduce strong artifacts in the esti-
mated image of the subsurface structures.

Many surface-wave reduction methods have been pro-
posed in the past decades. These methods include frequency-
wavenumber (FK) filtering (Stewart and Schieck, 1989),
radial trace transform (RTT) (Hanley, 2003), local radial

trace median (LRTM) filtering (Zhu et al., 2004), polariza-
tion filtering (Shieh and Herrmann, 1990), wavelet-based
filtering (Deighan and Watts, 1997), curvelet-based filter-
ing (Yarham et al., 2009), singular value decomposition
(SVD) (Chiu and Howell, 2008; Porsani et al., 2009), seis-
mic interferometry (SI) (Halliday et al., 2007, 2010; Xue,
2010), tau-p (TP) transform (Song and Stewart, 1990),
and model-driven filtering (Ke et al., 2004). FK filter-
ing is widely used due to its simplicity and effectiveness
in reducing linear noise but it typically suffers from spa-
tial aliasing in the data. RTT and LRTM filtering can
also effectively reduce linear noise but are not practical
in the case of nonlinear noise. Seismic interferometry and
model-driven filtering, on the other hands, can theoreti-
cally predict and reduce both linear and nonlinear noise
but seismic interferometry requires a large number of data
traces to obtain a prediction with a high signal-to-noise
ratio (S/N), while model-driven filtering requires an accu-
rate near-surface velocity model.

To partially overcome the drawbacks of each individ-
ual method, hybrid methods were then proposed. For
examples, Hamidi et al. (2012) combined wavelet trans-
form and singular value decomposition (SVD) techniques
to reduce the low-amplitude linear surface-wave noise, and
Xue (2010) used FK filtering and seismic interferometry
to reduce linear surface-wave noise in the data.

In this work, we compare the effectiveness of four surface-
wave noise reduction methods: FK, RTT, LRTM, TP and
SI, and also compare the effectiveness of hybrid methods
which are various combinations of each separate method.
Both synthetic and real seismic data were used in our ex-
periments.

METHODOLOGY

In this section, we briefly review the theory of the surface-
wave noise reduction methods used in this work: FK,
RTT, LRTM, TP and SI.

15
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Frequency-wavenumber (FK) filtering can be used
to reduce surface-wave noise by first transforming the seis-
mic data from the space-time (x−t) domain to the frequency-
wavenumber (f−k) domain using 2D Fourier transforma-
tion:

D(kx, ω) =

∫∫
d(x, t)ei(kxx−ωt)dxdt

where d(x, t) represents a space-time signal, D(kx, ω) rep-
resents a frequency-wavenumber signals, kx represents a
wavenumber in x-direction, and ω represents an angular
frequency of a signal. In the f − k domain, the surface-
wave noise is separated from the reflection and, therefore,
can be removed by muting the f−k data. The f−k muted
data are then transformed back to the x − t domain by
inverse Fourier transformation:

d(x, t) =

∫∫
D(kx, ω)e−i(kxx−ωt)dkωdω.

The effectiveness of FK filtering is reduced when the data
are aliased or the surface-wave noise is discontinuous such
as when the near-surface structure is complex causing
scattering surface waves (Halliday et al., 2007).
Radial trace transform (RTT) can reduce the surface-

wave noise in a similar way as the FK filtering in that
it transforms the data from the space-time domain to
the radial domain (apparent velocity-time). In the ra-
dial domain, the linear surface-wave noise appears as low-
frequency components corresponding to low apparent ve-
locities (see in Figure 1) and can be filtered out using
high-pass filtering. The filtered data in the radial do-

Figure 1: Surface-wave noise appears as low-frequency
components in the vertical.

main are then transformed back to the space-time domain.
However, the filtering result is typically not satisfactory
and need additional processing steps. Instead of filtering
out the surface-wave noise in the radial domain, low-pass
filtering is applied to keep only the noise which is then
transformed back to the space-time domain to provide a
surface-wave prediction. To remove the noise from the

data, an adaptive subtraction is applied to the data using
the predicted surface-wave noise.

Local radial trace median (LRTM) filtering was
proposed by Zhu et al. (2004) to eliminate the need for ra-
dial transformations. The filtering process begins by first
setting a minimum and maximum apparent velocities cor-
responding to the surface-wave noise to be removed. This
is equivalent to setting a cone-shaped region in which the
surface-wave noise will be predicted. Each data sample
in this region will have a single apparent velocity associ-
ated with it which corresponds to a line passing exactly
through the data sample (see Figure 2). Along this line,

Figure 2: The cone shape of radial trace

we need to interpolate for some data samples on the left
and right neighboring traces. Then, a median filter is ap-
plied to these set of data points and setting the filtering
result as the surface-wave prediction at the center data
point. This process is repeated for all the data samples
in the cone-shaped region. Finally, adaptive subtraction
is applied to remove the surface-wave noise from the data
using the prediction.

Tau-p transform can be separated the surface-wave
and the reflection. In space-time data, mostly surface-
wave noise signals appeared the linear events and reflec-
tions appeared the hyperbolic events. The recorded sig-
nals can be described in term of slowness p or the recip-
rocal of the apparent velocity, that is a slope of linear
event dt/dx in space-time domain and intercept time τ
that is the arrival time obtained by projecting the slope
back to zero offset point (x = 0), where x is source-receiver
distance. Tau-p transform is also called slant stack, the
Radon transform, and plane-wave decomposition which
transforms the space-time domain data to intercept time-
slowness domain data (τ − p domain data). The linear
surface-wave noise transform into a point, reflection trans-
form into ellipse. Figure 3 shows a transformation of lin-
ear and hyperbolic events in a space-time domain to tau-p
domain.

Seismic interferometry (SI) can be used to predict
surface-wave events in the data using cross-correlation be-
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Figure 3: Tau-p (-p) mapping. (a) An seismic record sig-
nal is d(x,t) where x=source-receiver distance (offset) and
t=arrival time. (b) Its tau-p transform is D(τ ,p) where
p=dt/dx=1/Va and τ=intercept time at x=0. Hyperbolic
reflections transform into ellipses, linear events into points
(the direct wave into P1, the head wave into P2). (SEG,
2012)

tween two data traces from the same source. This process
is illustrated in Figure 4 in which two data traces acquired
at positions A and B from the same source located at
X are denoted by d(A|X) and d(B|X), respectively, in
the time domain. Assuming the high frequency approx-
imation and signal amplitude is negligible, the data in
the frequency domain can be represented by D(A|X) =
exp [iωτXA] and D(B|X) = exp [iωτXB ] where ω is the
angular frequency, τXA and τXB denote the travel times
of seismic waves from X to A, and to B, respectively.

Cross-correlation is a measure of similarity of two trace
signals as a function of a time-lag applied to one of them
and it is defined as:

d(B|X, t)⊗ d(A|X, t) =
∞∑

τ=−∞
d∗(B|X, τ)d(A|X, t+ τ)

where ∗ denotes a complex conjugate operator, ⊗ denotes
cross-correlation operator, and d(B|X, t) and d(A|X, t)
represent time domain signals of d(B|X) and d(A|X) at
time t. Cross-correlation between time domain traces is
equivalent with the multiplication between two frequency
domain data, given by

D(B|X)∗D(A|X) = exp [−iωτXB ] exp [iωτXA]

= exp [iω(τXA − τXB)]

= exp [iωτBA]

= D(A|B)

where D(A|B) denotes the predicted surface-wave data
from the virtual source B to the receiver A. In practice,
the predicted surface-wave signal will be corrupted with
noise and more predictions from several source locations
are needed to improve the S/N of the prediction which is
then used by adaptive subtraction to remove the surface-

wave noise from the data.

Figure 4: A surface wave travels from seismic source at
X to receivers at B and A. Surface-wave signals are
recorded in the time domain and represented by d(B|X)
and d(A|X).

RESULTS AND DISCUSSION

In this section, the implemented methods are applied to
a synthetic and two sets of field data to investigate the
effectiveness of each method in reducing the surface-wave
noise.

The synthetic data used are comprised of 3 hyperbolic
and four linear events, corresponding to primary reflec-
tion signals and surface-wave noise, respectively. The lin-
ear events correspond to the apparent velocity of ±1000
m/s and ±2000 m/s. Figure 5a shows the synthetic data
recorded by 360 channels of receivers with a receiver spac-
ing of 50 m, a time sampling interval of 2 ms, and the total
record length of 7 s. To make the synthetic data similar to
the field data, the amplitude of surface-wave noise is five
times that of the hyperbolic events. The reference data
show in Figure 5b that do not include linear noises. We
then apply all five filtering methods to the data and obtain
the results to compare the effectiveness of each method.
We compute the residual of the surface-wave noise defined
by

r =
‖f(d)− dref‖
‖dref‖

× 100

where r is the residual, f(d) is the filtering result, and
dref is reference data.

Figure 6a and 6b show the synthetic data and FK fil-
tering result in fk domain. The FK result shows the re-
duction and the residual linear events. The residual linear
event due to the aliasing signals and can be transformed
back to the residual linear noise in FK result that shows in
Figure 10a. Figure 7a shows the synthetic data in radial
domain that include low-frequency signals of linear noise
and hyperbolic events of reflection. Low-frequency filter-
ing result in Figure 10b shows the reduction of hyperbolas
and residual low-frequency signals that correspond to the
predicted linear noise in Figure 8a.

Figure 8 shows the linear noise prediction of synthetic
data and show noise prediction effectiveness of RTT,LRTM,
and SI. RTT and LRTM prediction in Figure 8a and b cor-
respond with linear noises in synthetic data but SI pre-
diction in Figure 8 do not correspond. From Figures 9a
and 9b show SI testing data that include four linear noise
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Figure 5: The hyperbolic events as primary reflection events and linear events as surface-wave noises. a) the synthetic
data (d) include two hyperbolic events and four linear noises. b) the reference data (dref ) include two hyperbolic events.

Figure 6: The linear noises transform to linear events in fk domain. a) The synthetic data (d) in fk domain include linear
noise signals. b) FK filtering result (fFK(d)) in fk domain show the reduction and residual of linear noises.

where their zero offsets are a source position and the SI
prediction of the testing data. SI has high effectiveness
to detects the linear noise where their zero offsets are a
source point.

The implemented method results in Figure 10a-c are
FK, RTT, and LRTM results that include residual hyper-
bolas and very low-amplitude of linear noises. The ampli-
tudes of near-offset hyperbolas in RTT result are reduced
therefore RTT is less refleced conservation than FK and
LRTM. LRTM result shows stronger residual near-offset
linear noises therefore the linear reduction effectiveness of
LRTM is less than FK and RTT. The resitduals of the fil-
tering results using FK, RTT, LRTM ,and SI are 35.11%,
84.14%, 69.20%, and 88.25% that correspond with their
effectiveness. SI result has very low effectiveness compare

to FK, RTT, and LRTM because it can not predict linear
noise where their zero offsets are not a source.

First field data set used in second experiment are com-
pried of reflections and linear surface-wave noise. The lin-
ear surface-wave amplitudes are not stronger than reflec-
tions that show in Figure 11. This field data set recorded
ny 360 channels with a receiver spacing of 50 m, a time
sampling interval of 2 ms, and total record length of 7 s.
In this experiment, we interested in 4 s of recorded data.

Figure 12a and b are the field data and FK result in fk
domain that show the reduction of surface-wave signals in
low-slope regions. The surface-wave predictions of RTT
and SI show in Figure 13a - b. RTT prediction includes
the linear events of surface-wave but SI does not include.
Because surface-wave in the field data do not strong, the
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Figure 7: The linear noises transform to low-frequency signals in vertical componet. a) The synthetic data (d) in radial
domain include the hyperbolic events of reflection and low-frequency signals of linear noise. b) The lowpass filtering
result of synthetic data (flowpass(d)) in radial domain shows low-frequency signal of linear noise and residual hyperbolic
signals.

Figure 8: The linear events due to the linear noise prediction from the implemented methods: a) RTT, b) LRTM, and
c)SI

stacking signals of SI surface-wave prediction are not dif-
ferent from their artifacts.

The surface-wave reducing effectiveness can be discuss
from Figure 14a-c that are FK, RTT, and SI results. The
linear surface-waves in FK and RTT results are reduced
with more efficiency than SI but the signals on near-offset
traces in FK result do not clear. SI result shows the reduc-
tion in low-effectiveness that is affected of the comfusion
in its prediction.

The hybrid method that is a combition of the imple-
mented methods is designed to improve the surface-wave
filtering effectiveness. In this field data set, The hybrid
method is a combination of RTT and FK. RTT method is

applied in the first of a workflow to reduce surface-wave
noise. The residual of surface-waves are included with
very low amplitudes on far-offset traces but with medium
amplitude on near-offset traces that show in Figure 15b.
The hybrid result (the combinated result of FK and RTT)
in Figure 15c shows the reduction of residual surface-wave
on near-offset traces and its reflections are more clearly
compared to the field data and RTT result in Figure 15a-
b.

The field data set 1 used in the second experiment are
comprised of reflections and linear surface-wave events.
The linear surface-wave noise is very strong compared
to the reflections and can be separated into two groups:
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Figure 9: a) The SI testing data and b) its SI prediction

Figure 10: The results of implemented method: a) FK, b) RTT, c) LRTM, d) TP, and e) SI.

mildly and steeply dipping events shown in Figure 16a.
The field data were recorded by 240 channels of receivers
with a receiver spacing of 30 m, a time sampling interval
of 4 ms, and total record length of 2 s. We then apply all
implemented filtering methods to the data and obtain the
results shown in

The residual of surface-wave noise using FK shows in
Figure 16b that include the residual mildly events but
the dipping events are removed. Both the residual mildly
surface-wave and the residual dipping surface-wave noise
amplitudes of SI and RTT (Figure 16c-d) are reduced com-
pared to the data but the reductions are low effectiveness
compared to FK filtering. The LRTM result shows in

Figure 16f and it has not the residual surface-wave noise.
The LRTM result includes the artifacts that can destroy
the primary reflection in surface-wave regions with mod-
erately amplitude compared to the primary reflection. Af-
ter the filtering comparison, the hybrid method designed
by the combination of three filtering methods: FK, SI,
and LRTM. FK filtering is applied to the data in the first
of a workflow to remove dipping surface-wave and apply
SI in the second to reduce mildly dipping surface-waves.
The residual surface-waves after FK and SI are reduced
by LRTM. LRTM used on only the residual surface-wave
regions to reduce their artifact amplitude and control the
artifact regions. Hybrid result shows in Figure 16f that
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Figure 11: The example of first field data (d) set shows the linear surface-wave noise.

Figure 12: a) The seismic signals in fk domain are very confused. Moreever, surface-wave do not completely seperate
from the reflections. b) The residual signals in muted result correspond the reflection signals.

shows higher effectiveness of the reduction compared to
the individual implemented results.

The difference of field data used in the third experiment.
They include the non-linear events of surface-wave noise
in stronger amplitude compared to the primary reflection.
Figure 17a shows the field data recorded by same param-
eters of second experiment data. We then apply all four
filtering methods to the data and obtain the results. To
compare the separated methods, we compute the ampli-
tude of residual non-linear surface-wave and residual pri-
mary reflection compared to the data (Figure 17a). The
residuals of surface-wave noise using the individual filter-
ing show in Figure 17b-e that have lower reduction effec-
tiveness compared to the effectiveness of the linear noise
reduction in second experiment. The surface-wave noise
after FK and LRTM (Figure 17b and 17e) are more re-

duced than SI and RTT (Figure 17c and 17d). Both SI
and RTT show the very low effectiveness of the non-linear
reduction because the amplitude of the noise in their re-
sults as same as the data in Figure 17a. The hybrid result
shown in Figure 17f that include the lower surface-wave
and the more reflection amplitudes compared to the indi-
vidual filtering results.

SUMMARY

We have implemented the methods for reducing surface-
wave noise: FK filtering, radial trace transform, local ra-
dial trace median filtering, and seismic interferometry.
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Figure 13: The surface-wave prediction of the implemented methods: a) FK, b) RTT, and c) SI.

Figure 14: The results of implemented filtering methods: a) FK, b) RTT, and c) SI.
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Seismic Inverse Q Filtering using a Stabilized Filter: An Implementation
with Numerical Examples

Chaiwoot Boonyasiriwat

ABSTRACT

In this work, I modified the stabilized inverseQ filtering
algorithm proposed by Yanghua Wang. The inverse Q
filter can both compensate for the amplitude loss and
correct for the phase distorsion due to seismic attenua-
tion and phase dispersion effects occuring when seismic
waves propagate in visco-elastic media.

INTRODUCTION

When seismic waves propagate in the earth, the wave am-
plitude decreases with the traveling distance due to the
geometrical spreading and the anelastic property of rocks.
The amplitude loss due to geometrical spreading can be
easily compensated using a gain function. In contrast,
the attenuation effect is more complicated than the ge-
ometrical spreading effect since attenuation is frequency
dependent resulting in an accompanying of phase disper-
sion (Aki and Richards, 1980). High-frequency wave com-
ponents will have higher energy loss compared to low-
frequency components. In addition, ”the wavelet distor-
sion is more pronounced at longer time periods which cor-
respond to the waves traveling from the deep regions”
Wang (2008). The problems caused by these amplitude
decay and phase distorsion include the reduction in the
image resolution, and the mistie of well-derived synthetic
seismograms. To overcome these problems, various in-
verseQ filtering methods have been proposed (e.g., Robin-
son (1979); Hargreaves and Calvert (1991); Wang (2002,
2006)). These inverse Q filters can be used for compensa-
tion of amplitude decay and/or phase distortion.
In this work, I implemented a stabilized inverse Q filter

proposed by Wang (2008) and applied it to both synthetic
and field data.

SEISMIC WAVE ATTENUATION

In this section, I briefly review the theory of seismic wave
attenuation which includes the amplitude decay and veloc-
ity dispersion due to the anelastic properties of the Earth’s
subsurface materials.

Quality and Attenuation Factors

Wang (2008) stated that “When a plane wave propagates
through a homogeneous viscoelastic medium, the effects
of amplitude attenuation and velocity dispersion may be
combined conveniently into a single dimensionless param-
eter, Q, the medium-quality factor.” The quality factor Q
quantifies the effect of anelastic attenuation on the seis-
mic wavelet caused by fluid movement and grain boundary
friction (Sheriff and Geldart, 1995), and is defined as

Q = 2π
E

∆E
, (1)

where E/∆E is the fraction of energy lost per cycle. Seis-
mic attenuation is a dispersive behavior because the rate
of attenuation increases with frequency.

In addition to the quality factor Q, the attenuation fac-
tor α is another commonly used measure of attenuation
(Toksöz and Johnston, 1981). The quality factor Q and
attenuation factor α are related by (Wang, 2008)

Q(ω) =
1

2

( |ω|
α(ω)v(ω)

− α(ω)v(ω)

|ω|

)
, (2)

where ω is the angular frequency, and v(ω) is the phase
velocity. “As the Q value must be positive, the above
equation leads to [α(ω)v(ω)/ω]2 < 1. When

α(ω)v(ω)

|ω| ≪ 1, (3)

25
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equation 2 can be approximated to

Q(ω) =
|ω|

2α(ω)v(ω)
, (4)

The condition in equation 3 is equivalent to Q ≫ 1 which
is valid for most geophysical applications” (Wang, 2008).
Consider a plane wave propagating in the x-direction,

A(x, t) = A0e
i(ωt−kx), (5)

where ω is the angular frequency and k is the wavenum-
ber. Attenuation may be introduced mathematically by
allowing either the frequency or wavenumber to be com-
plex. In the latter case,

k(ω) = kr(ω)− iα(ω), (6)

where kr(ω) = real(k) = ω/v(ω), so that

A(x, t) = A0e
−αxei(ωt−krx), (7)

which clearly shows that α is the attenuation factor.

Kolsky’s Model of Seismic Attenuation

The Kolsky’s model has been widely used in seismic ex-
ploration because the parameters involved can be easily
estimated from seismic data and it can be shown that the
Kolsky’s model is roughly equivalent to the other models
(Wang, 2008). In the model of Kolsky (1953), the atten-
uation factor α(ω) is strictly linear with frequency,

α(ω) =
|ω|

2vrQr
, (8)

where vr and Qr are the phase velocity and the Q value at
a reference frequency, respectively (Wang, 2008). Kolsky
(1956) defines the phase velocity as

1

v(ω)
=

1

vr

(
1− 1

πQr
ln

∣∣∣∣
ω

ωr

∣∣∣∣
)
. (9)

When Qr ≫ 1, the phase velocity can be approximated
to

1

v(ω)
≈ 1

vr

∣∣∣∣
ω

ωr

∣∣∣∣
−γ

, (10)

where

γ =
1

πQr
. (11)

Inserting equations 8 and 9 into equation 4 and rear-
ranging yields

Q = Qr

(
1− 1

πQr
ln

∣∣∣∣
ω

ωr

∣∣∣∣
)
. (12)

If Qr ≫ 1, equation 12 can be approximated to

Q ≈ Qr

∣∣∣∣
ω

ωr

∣∣∣∣
−γ

, (13)

where γ = (πQr)
−1. The expression for the attenuation

factor (equation 8) may be rewritten as (Wang, 2008)

α(ω) =
|ω|

2vrQr
≈ |ω|

2vrQ(ω)

∣∣∣∣
ω

ωr

∣∣∣∣
−γ

. (14)

Using equations 10 and 13, the complex wavenumber
(equation 6) becomes (Wang, 2008)

k(ω) ≈
(
1− i

2Q(ω)

) |ω|
vr

∣∣∣∣
ω

ωr

∣∣∣∣
−γ

. (15)

INVERSE Q FILTERING

In this section, I present the theory of inverse Q filtering
described in the book of Wang (2008) based on wavefield
downward continuation (Claerbout, 1976).

Consider the one-way wave equation

∂U(r, ω)

∂r
− ik(ω)U(r, ω) = 0, (16)

where U(r, ω), the plane wave of angular frequency ω at
position r, is assumed to have been attenuated by a Q
filter after traveling from a source to a reflector and back
to a receiver at the surface.

An analytical solution to the wave equation 16 is given
by

U(r +∆r, ω) = U(r, ω) exp[ik(ω)∆r]. (17)

Using the complex wavenumber in equation 15, the ana-
lytical solution becomes

U(r+∆r, ω) = U(r, ω) exp

[(
1

2Q(ω)
+ i

) ∣∣∣∣
ω

ωr

∣∣∣∣
−γ

ω∆r

vr

]
.

(18)
Using ∆τ = ∆r/vr, the distance increment ∆r can be
replaced by traveltime increment ∆t. The solution than
becomes

U(τ +∆τ, ω) = U(τ, ω) exp

[∣∣∣∣
ω

ωr

∣∣∣∣
−γ

ω∆τ

2Q(ω)

]

×
[
i

∣∣∣∣
ω

ωr

∣∣∣∣
−γ

ω∆τ

]
. (19)

The first exponential operator compensates for the am-
plitude decay due to energy absorption while the second
exponential operator corrects for the phase shift due to the
velocity dispersion. Equation 19 is the basis for inverse Q
filtering in which downward continuation is performed in
the frequency domain and the sum of these plane waves
provides the time-domain data,

u(τ +∆τ) =
1

π

∫ ∞

0

U(τ +∆τ, ω)dω. (20)

The process of inverse Q filtering is equivalent to applying
one-way wave-equation migration to the data.
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SYNTHETIC DATA EXAMPLE

In this section, I generate five synthetic data traces with
various Q values of 400, 200, 100, 50, and 25. The syn-
thetic data are shown in Figure 1. Notice both the ampli-
tude decay and wavelet shape distorsion in the data.
After applying a phase-only inverse Q filter to the data,

the result is shown in Figure 2. Notice that only the
phase distorsions have been corrected while the ampli-
tudes of the data are roughly the same. Then a non-
stabilized inverse Q filter that compensates for both the
amplitude and phase was applied to the data and pro-
vides the result shown in Figure 3. For Q = 400 and 200,
the data are accurately compensated but for Q = 100,
50, and 25, the inverse Q filtering process becomes unsta-
ble and enhances the noise at end of the data traces. A
stabilizing constant must be used to stabilize the process
and it provides a good result as shown in Figure 4. The
stabilizing constant ǫ used is different for each Q value:
ǫ = 10−9, 10−9, 0.4, 1.8, 4 for Q = 400, 200, 100, 50, 25, re-
spectively. It is worth noting that although the process is
stable, the amplitude of data traces with Q = 50 and 25
could not be compensated as well as when the Q value is
larger.
In the work of Wang (2008), he did not show what would

happen to the data if a wrong value of Q was used in in-
verse Q filtering. This is important since it might provide
a clue to how to apply an inverse Q filter to the data and
what the Q value one should use. Although in practice
Q values are estimated from the data or by some meth-
ods, I believe it is still a good to idea to perform such an
experiment.
In this experiment, I use the same data traces as shown

in Figure 1. The amplitude and phase of each data trace
was attenuated and distorted, respectively, by a Q filter
with Q = 400, 200, 100, 50, 25. Then I applied an inverse
Q filter with Q = 400 to all traces and obtain the re-
sult shown in Figure 5. The result shows that only the
trace with Q = 400 are exactly compensated while the
others are under-compensated. Then I applied another
inverse Q filter with Q = 200 to the input data and ob-
tained the result shown in Figure 6. In this case, the
data trace with Q = 200 is exactly compensated while
the data traces with Q value less than 200 are under-
compensated. Notice the over compensation in the trace
with Q = 400. More results are obtained using inverse Q
filter with Q = 100, 50, 25 as shown in Figures 7-9. An-
other important point to notice is that using the wrong Q
value results in a temporal shift in the seismic events as
shown in Figures 5-9.

REAL DATA EXAMPLE

I applied an inverse Q filter to the stacked section of the
2D Isan data set using a constant Q value of 80. The
stacked section after inverse Q filtering is not much dif-
ferent from the original stacked section (Figure 10). An
explanation of this result is that inverse Q filtering had

already been applied to the data to obtain the original
stacked section.

In the future, I will apply inverse Q filtering with Q
varying with time to the stacked section. To obtain the
Q model, I plan to use visco-acoustic waveform inversion
which is described later in another report.

SUMMARY

I have implemented inverse Q filtering which could be ap-
plied to compensate for both amplitude decay and phase
distorsion in the seismic data due to seismic attenuation
and velocity dispersion. Both MATLAB and Fortran codes
have been developed and the Fortran is about 50 times
faster than the MATLAB code. Currently, the constant
Q model was used in the code. In the future, I will extend
it to be able to use a heterogeneous Q model.
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Figure 1: Noise-free synthetic data generated with various Q values.
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Figure 2: Synthetic data after phase-only inverse Q filtering which is unconditionally stable.
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Figure 3: Synthetic data after nonstabilized inverse Q filtering compensating for both amplitude and phase.
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Figure 4: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase.
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Figure 5: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase when Q = 400
was used for all traces.
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Figure 6: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase when Q = 200
was used for all traces.
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Figure 7: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase when Q = 100
was used for all traces.
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Figure 8: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase when Q = 50
was used for all traces.
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Figure 9: Synthetic data after stabilized inverse Q filtering compensating for both amplitude and phase when Q = 25
was used for all traces.
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Figure 10: Stacked sections of the 2D Isan data (a) before and (b) after stabilized inverse Q filter with Q = 80.
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Improving the Convergence Rate of Artificial Neural Network for Timbre
Recognition

Peera Niranartlumpong and Chaiwoot Boonyasiriwat

ABSTRACT

In sound source recognition, we use neural network
(NN) to recognize each timbre in a monaural sound
that is a mixture of several music instrument signal in
one chanal. Fist thing is to train the NN by input each
timbre and telling them what the instrument is. The
system will train them self several times (epoches) and
the output will converge closer to the training data.
The main work in this paper is to improve converting
of NN by applying a line search method and thorough
random. Futhermore, we consider how good of the re-
sult at difference epoches. Future work of this topic is
to use conjugate gradient descent instead of steepest
descent.

INTRODUCTION

Sevaral methods had been improoved for Timbre Recog-
nition. Some of them are physical interpretation or math-
ematical signal processing, but we use a machine learning
called neural network that has a good point in flexibility
of recognition.
Normally, NN is used for classifying 2 things from a

mixture such as to detect cancers from a large tissue, in-
dicate noise from a soundsignal.
To study how is NN, we use a papers that is Basheer

and Hajmeer (2000) after that we know how NN works
and construct an NN system to classify the colour zone
of a simple binary image. Then we aplly the system to
classify 2 timbres from a mixture.

THEORY

The basic idea of recurent neural network (RNN) is to
optimize a cost function that varies with weights in each
node (neuron) of the system. In each epoch, weights will

be adjusted by steepest descent method. that is

wl
ij(t) = wl

ij(t− 1) + ∆wl
ij(t), (1)

where wl
i,j(t) is the weight of recieving data from the

node i of a niegbhor neural layer to the node j of consid-
ering layer l. and

∆wl
ij = −κ

(
∂εl

∂wl
ij

)
, (2)

where εl is the error or cost function from the of put
of lth layer weight of recieving data from the node i of a
niegbhor neural layer to the node j of considering layer l.
For each node

εj =
1

2
(oj − tj)

2 (3)

and

oj = σ(ξj) = σ(
∑

i

xiwij), (4)

where oj and tj are some real scalar values that rep-
resent output and target, desired output, of the node j
respectively. σ is a sigmoid function that return values be-
tween some range. For example, σ(ξ) = 1

1+e−ξ or tanh(ξ)
returns (0,1) and (-1,1) respectively and t should be de-
fined coresponding to those range also. xi is the input
value for a considering neuron. It can be the output value
from a previous node i or an input value of the system if
the considring neuron is in the first or input layer of the
system.

METHODS

After the system was trained, we saw that the RMS error
over all samples was fluctuate over epoches and its trend
decayed slowly to a quite stable value. To improve the
convergent rate, we apply a line search method, i.e. a
procedure that varies the step length of weigth adaping
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to be smaller by deviding by 2 until the cost function is
smaller than that of the previos epoch.
Another work is to adapt the sampling method to be

thorough. In the former time, we just randomly selected a
sample from input data to train, but did not care whether
all input data would be selected in each epoch or not. For
example, if we had N input data, we just randomly select
the sample to train N times. It could be the same as some
selected data and some data was not selected. We have
change this to make sure that all input data are selected
randomly ones in each epoch.

RESULTS

In principle, line search method should improves the con-
vergent rate obviously, but in the calculation, we use very
small step lengths, so the line search effect is not so obvi-
ous because most of time when the system adapts them-
self, the cost function is lower than that of the previ-
ous epoch coresponding to the considering sample. Only
about 3 epochs from 2,000 epochs meet line search algo-
rithm. Figure 1 Figure 2
After we adapted the rule of selection, it is obvious that

the RMS error function is more fluctuate over epoch, but
the learning rate is better. It is resonable because the
more selection is thorough, the more againt sample would
be found and the weigth is adjusted. Figure 3 Figure 4
Then we investigate how are the result at each epochs,

i.e. 500, 1000, 1500,..., 4000 and 9000.

SUMMARY

It is common that RMS error can sometimes arise so much
because when the system adapts to serve the considering
sample, the overall error may larger than that of the pre-
vios epoch. Thorough randoming can improve the conver-
gent rate and cause more peak in RMS error. This prob-
lem has many local minima noticed from a lot of plateau
in RMS error. A lower RMS error may not give a good
contrast result.
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Figure 1: RMS error from old system

Figure 2: RMS error after line search was applied

Figure 3: RMS error after thorough randoming was ap-
plied

Figure 4: Classification result after 3000 epoch
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Figure 5: Old result after 500 epochs

Figure 6: Adapted result after 1000 epochs

Figure 7: Adapted result after 2000 epochs

Figure 8: Adapted result 9000 epochs
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Traveltime modeling in 2D isotropic media using the fast marching
method

Chaiwoot Boonyasiriwat

ABSTRACT

In this work, I implement the fast marching method
(FMM) for first-arrival traveltime modeling in 2D
isotropic media. Both MATLAB and C codes have
been developed and will later be used in first-arrival
traveltime inversion, and Kirchhoff modeling and mi-
gration. In the future, I will extend this implementa-
tion to anisotropic case.

INTRODUCTION

Traveltime modeling is an important process which has
many applications including traveltime inversion and Kirch-
hoff migration. The efficiency of traveltime modeling is
very crucial to that of traveltime inversion and Kirchhoff
migration, especially in 3D applications, since traveltime
modeling must be carried out several times.
In this work, the computationally efficient fast marching

method proposed by Sethian and Popovici (1999) for solv-
ing the eikonal equation was implemented in both MAT-
LAB and C. The MATLAB code is not computationally
efficient compared to the C code which uses the heap data
structure (Weiss, 1997) to store the traveltimes of the con-
structed wave front.

FAST MARCHING METHOD

In this section, I briefly describe the fast marching method.
The full details of the method is described in Sethian and
Popovici (1999).
The eikonal equation governs the traveltime of seis-

mic wave propagating from one point to any point in
the medium. In this work, we only consider the isotropic
eikonal equation which can be directly derived from the
acoustic wave equation by using the high frequency ap-
proximation. The reader is referred to Shearer (1999) for
the detailed derivation.

The eikonal equation can be written as

|∇T (r)|2 =
1

v2(r)
= s2(r), (1)

where T (r) is traveltime at position r, v(r) is the wave
velocity, and s(r) is the slowness which is the reciprocal
of velocity.

Let’s consider the eikonal equation in one dimension,
given by (

∂T (x)

∂x

)2

=
1

v2(x)
= s2(x). (2)

Sethian and Popovici (1999) proposed to approximate the
spatial derivative using the upwind finite difference

(
∂T (x)

∂x

)2

≈ (max(D+x
i T, 0)2 +min(D−x

i T, 0)2), (3)

where D+x
i and D−x

i are the standard finite-difference op-
erators defined by

D+x
i =

Ti+1 − Ti

∆x
, (4)

and

D−x
i =

Ti − Ti−1

∆x
. (5)

Here, Ti is the value of T on a grid at x = i∆x with a uni-
form grid spacing ∆x. The upwind scheme given in equa-
tion 3 automatically chooses grid points in the approxima-
tion from the flow direction of information (Sethian and
Popovici, 1999). This upwind scheme is very important
since conventional scheme will lead to unstable results.

In two dimensions, the eikonal equation can be written
as
(
∂T (x, z)

∂x

)2

+

(
∂T (x, z)

∂z

)2

=
1

v2(x, z)
= s2(x, z), (6)
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Figure 1: (a) Two-layer velocity model. (b) First-arrival traveltime obtained using the fast marching method.

and the left hand side can be approximated as

(
∂T (x, z)

∂x

)2

+

(
∂T (x, z)

∂z

)2

≈ (max(D+x
ij T, 0)2 +min(D−x

ij T, 0)2) +

(max(D+z
ij T, 0)2 +min(D−z

ij T, 0)2), (7)

where j is the index of the grid point in the z-direction.
Now I present the algorithm for implementing the fast

marching method. First, the traveltimes of grid points at
and surrounding the source location are computed explic-
itly. Then, grid point at or nearest to the source location
is set as the accepted value, whose traveltime value can
no longer change, while the grid points surrounding the
source point are set as the narrow band, whose travel-
time value can still be changed. The traveltime values of
grid points in the narrow band are then sorted and stored
in a heap data structure. The binary heap (Weiss, 1997) is
usually used in this case. The top of the heap is the small-
est traveltime value which corresponds to a grid point on
a wave front we are constructing (the narrow band). This
grid point is then set as accepted. Then, the traveltimes
of the neighboring grid points of the newly accepted point
are computed for the grid points originally outside of the
narrow band, or recomputed for the grid points already
in the narrow band. Then all these neighboring points
are (re)added to the narrow band. The sorting process is
then carried on to find the new grid point with the smallest
traveltime value. The wavefront is then expanded itera-
tively until all grid points are accepted.

SYNTHETIC DATA EXAMPLE

The fast marching is applied to compute first-arrival trav-
eltimes from a point source located in a 2D isotropic, two-
layer model (Figure 1a). The computed traveltimes are
shown in Figure 1b.

SUMMARY

The fast marching method has been implemented in both
MATLAB and C and applied to a synthetic model. In the
future, I will extend it to an anisotropic case.
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2D Isotropic Acoustic and Elastic Waveform Modeling using
Finite-Difference Time-Domain Method

Pawin Sitsungnoen and Chaiwoot Boonyasiriwat

ABSTRACT

In seismological exploration, waveform modeling can
be used in reverse-time migration and full-waveform
inversion to estimate the physical properties of the
earth’s subsurface such as the velocity of wave and
particles. Therefore, we develop computer program to
simulate the acoustic and elastic wave propagation by
solve the P-SV elastic wave equation in two-dimension
using finite-difference time-domain method. The our
code can be simulated the elastic wave propagation in
marine data like marmousi model and land data like
brazion models. Moreover, we develop our computa-
tional program to collect the travel time graph for using
in the inversion process.

INTRODUCTION

The seismic wave or elastic wave are mostly used for the
seismology exploration. One way to study about the elas-
tic wave propagation is the waveform modeling because
the waveform modeling can be used in reverse-time migra-
tion and full-waveform inversion to estimate the physical
properties of the earth’s subsurface.
The elastic wave propagation in two-dimension can be

explained by the acoustic and elastic wave equations, which
are the P-SV elastic wave equations and the constitutive
law. These equations can be solved by several methods,
but we focus the finite-difference time-domain method
(Levander, 1988; Maeda and Furumura, 2011)
In this work, we solve the acoustic and elastic wave

equations to simulate the elastic wave propagation in ma-
rine data and land data like the marmousi model and
brazion model, respectively. The numerical method and
the numerical results are present in this report.

2D P-SV ELASTIC WAVE EQUATIONS

The P-SV equations of motion in two dimensions in Carte-
sian coordinates can be written as

ρ
∂vx
∂t

=
∂σxx

∂x
+

∂σxz

∂z
, (1)

ρ
∂vz
∂t

=
∂σzx

∂x
+

∂σzz

∂z
, (2)

where vx, and vz are the particle velocity components
in the x and z directions, ρ is the mass density, σij is
the (i, j)-th component of the stress tensor in the elastic
medium.

The constitutive law used to describe the relationship
between the stress tensor and the particle velocity is given
by

∂σxx

∂t
= (λ+ 2µ)

∂vx
∂x

+ λ
∂vz
∂z

, (3)

∂σzz

∂t
= (λ+ 2µ)

∂vz
∂z

+ λ
∂vx
∂x

, (4)

∂σxz

∂t
= µ

(
∂vx
∂z

+
∂vz
∂x

)
, (5)

where λ and µ are the Lamé parameters that are related
to the P-wave and S-wave velocities by

vp =
√

(λ+ 2µ)/ρ,

vs =
√

µ/ρ.

If vs = 0, σxx = σzz = P , and σxz = σzx = 0. The con-
stitutive law and the P-SV equation of motion are reduced
to the acoustic wave equations

∂P

∂t
= λ

(
∂vx
∂x

+
∂vz
∂z

)
,

∂vx
∂t

=
1

ρ

∂P

∂x
,

∂vz
∂t

=
1

ρ

∂P

∂z
,
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where P is the pressure field and depends on position and
time.
These equations can be used to simulate the acoustic

and elastic wave propagation by the following algorithm;

• Compute the Lamé constants, λ, µ by using p-wave,
s-wave and density data.

• Compute the constitutive law, τxx, τxz and τzz.

• Add source term or second-time derivative gaussian
function in variable τxx, τxz and τzz.

• Compute the P-SV equations of motion along the x-
and z- direction, vx and vz.

• Repeat the constitutive law and the P-SV equations
of motion.

FINITE-DIFFERENCE METHOD

In this section, we present the theory of the finite-difference
time-domain method to solve the governing equations.
The details include the numerical grid, and boundary con-
dition

Staggered Grid

First we present the staggered grid that is used to be a
numerical grid in this work. The staggered gird is a type
of numerical grids which include two numerical grids stag-
gering on top of each other Figure 1. The first grid (solid
line) is used to store the variables with a integer-index
notation, and the second grid (dash line) is used to store
the variables with half-integer notation. The important
advantage of the staggered grid is a increasing the order
of accuracy from first-order to second-order accuracy.
However, the variables, which are the particle velocity

and the component of stress tensor, in the governing equa-
tions are very carefully stored into a staggered grid for
avoidance of an unstable numerical results. The variables
of the component of stress tensor are stored as the stress
stencils in Figure 2 (top) (Levander, 1988), and the vari-
ables of particle velocity are stored as the velocity stencils
in Figure 2 (bottom) (Levander, 1988).

Figure 1: The staggered grid in two dimensions.

Figure 2: The stress stencils (top) and the particle velocity
stencils (bottom) for numerical grid

Explicit Finite Difference

The governing equations, which are the P-SV equations
of motion and the constitutive law, are separated into two
parts; the time-domain derivative and the space-domain
derivative. We use the forward finite difference to approx-
imate the time-domain derivative. Therefore, the time-
domain of the constitutive law can be written in finite
difference notation as

∂σ

∂t
=

σn+1/2 − σn−1/2

∆t
.

And the time-domain of the P-SV equations of motion can
be written in finite difference version as

∂v

∂t
=

vn+1 − vn

∆t
.

Where the index n used for a time-domain derivative
and write in superscribe form.

In general, the accuracy of this approximation is the
first-order accuracy. Nevertheless, the staggered grid in-
crease the accuracy to second-order accuracy in time-domain.

For the space-domain, we use the the central finite dif-
ference to approximate the governing equations. How-
ever, we use four position, and the staggered grid to ap-
proximate the space-domain in the governing equations.
therefore, the accuracy in space-domain are increase from
second-order to fourth-order accuracy.

The constitutive law can be written in finite-difference
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notation as follows;
For the variable σxx,

σ
n+1/2
i+1/2,j = σ

n−1/2
i+1/2,j

+ α
∆t

∆x

[
(un

i+2,j − un
i+1,j)− (un

i,j − un
i−1,j)

]

+ λ
∆t

∆z

[
(wn

i+1/2,j+3/2 − wn
i+1/2,j+1/2)

−(wn
i+1/2,j−1/2 − wn

i+1/2,j−3/2)
]
.

For the variable σzz,

σ
n+1/2
i+1/2,j = σ

n−1/2
i+1/2,j

+ α
∆t

∆z

[
(wn

i+1/2,j+3/2 − wn
i+1/2,j+1/2)

−(wn
i+1/2,j−1/2 − wn

i+1/2,j−3/2)
]

+ λ
∆t

∆x

[
(un

i+2,j − un
i+1,j)− (un

i,j − un
i−1,j)

]
.

For the variable σxz,

σ
n+1/2
i,j+1/2 = σ

n−1/2
i,j+1/2

+ µ
∆t

∆z

[
(un

i,j+2 − un
i,j+1)− (un

i,j − un
i,j−1)

]

+ µ
∆t

∆x

[
(wn

i+3/2,j+1/2 − wn
i+1/2,j+1/2)

−(wn
i−1/2,j+1/2 − wn

i−3/2,j+1/2)
]
.

Where α = (λ + 2µ), and we given vx = u and vz =
w. The P-SV equations of motion can be write in finite
difference notation as

un+1
i,j = un

i,j

+
1

ρ

∆t

∆x

[
(σ1

n+1/2
i+3/2,j − σ1

n+1/2
i+1/2,j)

−(σ1
n+1/2
i−1/2,j − σ1

n+1/2
i−3/2,j)

]

+
1

ρ

∆t

∆z

[
(σ2

n+1/2
i,j+3/2 − σ2

n+1/2
i,j+1/2)

−(σ2
n+1/2
i,j−1/2 − σ2

n+1/2
i,j−3/2)

]
,

and

wn+1
i+1/2,j+1/2 = wn

i+1/2,j+1/2

+
1

ρ

∆t

∆x

[
(σ4

n+1/2
i+2,j+1/2 − σ4

n+1/2
i+1,j+1/2)

−(σ4
n+1/2
i,j+1/2 − σ4

n+1/2
i−1,j+1/2)

]

+
1

ρ

∆t

∆z

[
(σ3

n+1/2
i+1/2,j+2 − σ3

n+1/2
i+1/2,j+1)

−(σ3
n+1/2
i+1/2,j − σ3

n+1/2
i+1/2,j−1)

]
,

where σ1 = σxx, σ2 = σxz, σ3 = σzz, and σ4 = σzx,
which are the variables for stress component. Moreover,
we given vx = u and vz = w, which are same variables in

the constitutive law.
The index i and j used for space-domain derivative de-

pend on x-direction and z-direction, respectively.

Boundary Condition

The boundary condition is important detail in numerical
programing. In this work, we use a free surface boundary
and an absorbing boundary like a perfectly matched layer
(PML) boundary condition as Figure 3.

Figure 3: The absorbing boundary condition applied in
blue region.

Free-Surface Boundary Condition

In the top of a problem space (z = 0), we apply the free
surface boundary condition by

σxx = σzz = 0,

σxz = σzx = 0.

Absorbing Boundary Condition

In the blue region, we apply the absorbing boundary con-
dition, which are the PML boundary condition by addi-
tion of damping function, κ, (Boonyasiriwat, 2010) in the
governing equations as

ρ
∂vx
∂t

+ κvx =
∂σxx

∂x
+

∂σxz

∂z
,

ρ
∂vz
∂t

+ κvz =
∂σzx

∂x
+

∂σzz

∂z
,

and

∂σxx

∂t
+ κσxx = (λ+ 2µ)

∂vx
∂x

+ λ
∂vz
∂z

,

∂σzz

∂t
+ κσzz = (λ+ 2µ)

∂vz
∂z

+ λ
∂vx
∂x

,

∂σxz

∂t
+ κσxz = µ

(
∂vx
∂z

+
∂vz
∂x

)
.

Therefore, the finite difference version of the governing
equations become by changing the term of the right hand
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side of all equations as

Fn+1 = (1− κ∆t) ∗ Fn + other terms,

NUMERICAL RESULTS

In this work, we simulate the elastic wave propagation
in Marmousi model and Brazion model. Therefore, the
numerical are presented and shown in this section.

Marmousi Model

We use the marine data as the Marmousi model. Figure 4
show a p-wave velocity model and s-wave velocity model
to initial the simulation of elastic wave propagation.

Horizontal Distances (km)

D
ep

th
 (

km
)

P−wave Velocity Model

 

 

0 5 10 15

0
1
2
3 2000

3000
4000

Horizontal Distances (km)

D
ep

th
 (

km
)

S−wave Velocity Model

 

 

0 5 10 15

0
1
2
3

0

1000

2000

Figure 4: The p-wave velocity model (top) and the s-wave
velocity model (bottom) to used as the initial condition
for simulation of elastic wave propagation

We show the simulation of elastic wave propagation as
the snapshots at 0.23, 0.56, 1.00, and 1.80 seconds in Fig-
ure 5.
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Figure 5: The elastic wave propagation as the snapshots
at 0.23, 0.56, 1.00, and 1.80 seconds

In addition, we collect the seismogram at the free sur-
face level in ocean layer and at the interface level in Figure
6 and Figure 7.
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Figure 6: The seismogram at the free surface level.

Brazion Model

We use the land data as the Brazion model. Figure 8
show a velocity model to used as the initial condition for
simulation of elastic wave propagation.

We show the simulation of elastic wave propagation as
the snapshots in Figure 9.

SUMMARY

In this work, we simulate the elastic wave propagation in
Marmousi model and Brazion model. We can handle the
seismogram at the free surface level and at the interface
level in Marmousi model. The seismogram are used in the
inversion process.



2D Isotropic Acoustic and Elastic Waveform Modeling using FDTD Method 47

Horizontal Distances (km)

T
im

e 
(s

ec
on

ds
)

Seismogram

0 5 10 15

0

0.5

1

1.5

2

2.5

3

3.5

Figure 7: The seismogram at the interface level.
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Figure 8: The velocity model to used as the initial condi-
tion for simulation of elastic wave propagation
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Acoustic and Visco-acoustic Waveform Modeling in 2D Isotropic Media
using the Finite-Difference Frequency-Domain (FDFD) Method

Chaiwoot Boonyasiriwat

ABSTRACT

Acoustic and visco-acoustic waveform modeling can be
performed using the finite-difference frequency-domain
(FDFD) method. The modeling process is efficiently
performed implicitly by solving a linear system of equa-
tions using the LU decomposition when there are many
source locations. Consequently, 2D full-waveform in-
version (FWI) in the frequency domain is more effi-
cient than its time-domain counterpart although this
does not extend to the 3D case in which the computa-
tional of the direct solver is prohibitive. Nonetheless,
frequency-domain modeling is still a very important
tool for geophysical exploration and here I present a
theory and application of frequency-domain modeling
in two dimensions. The computer program developed
in this work was also validated by numerical modeling
of wave propagation in a synthetic model. Numerical
results show that both phase distorsion and amplitude
attenuation occur when the governing equation is the
visco-acoustic wave equation.

INTRODUCTION

When seismic waves propagate in the earth, the wave
amplitude decreases with the traveling distance due to
the geometrical spreading and the anelastic property of
rocks. The amplitude loss due to geometrical spreading
can be easily compensated for using a gain function. In
contrast, the attenuation effect is more complicated than
the geometrical spreading effect since attenuation is fre-
quency dependent resulting in an accompanying of phase
dispersion (Aki and Richards, 1980). High-frequency wave
components will have higher energy loss compared to low-
frequency components. In addition, the wavelet distorsion
is more pronounced at longer time periods which corre-
spond to the waves traveling from the deep regions. The

problems caused by these amplitude decay and phase dis-
torsion include the reduction in image resolution, and the
mistie of well-derived synthetic seismograms. To over-
come these problems, various inverse Q filtering methods
have been proposed (e.g., Robinson (1979); Hargreaves
and Calvert (1991); Wang (2002, 2006)). These inverse Q
filters can be used for compensation of amplitude decay
and/or phase distortion.

To apply inverse Q filtering to seismic data, an estimate
of the quality factor Q is required. The simplest case is to
use a constant Q model for attenuation compensation but
the filtering result will certainly not be as good as when
a more accurate Q model is used. A Q model can be es-
timated from vertical seismic profile (VSP) data (Wang,
2008), surface seismic profile (SSP) data (White, 1992;
Dasgupta and Clark, 1994), or crosswell seismic profile
data. Various methods for Q estimation have been pro-
posed by many researchers including in-situ borehole mea-
surements (Raikes and White, 1984; Stainsby and Wor-
thington, 1985), the spectral ratio method (Wang, 2008),
the frequency shift method (Quan and Harris, 1997), the
amplitude-attenuation and amplitude-compensation meth-
ods (Wang, 2004). The in-situ borehole measurements
provide the best estimate of the Q model but these data
usually are not available. The spectral ratio method and
the frequency shift method can be used in attenuation to-
mography to provide an estimate of the Q model in VSP,
SSP, and crosswell cases. However, the estimated Qmodel
usually has a low resolution due to the high-frequency ap-
proximation used.

Full-waveform inversion (FWI) can provide a high-resolution
estimate of the Q model from seismic data especially the
crosswell data (Wang, 2008). It is well known that, in
two dimensions, full-waveform inversion in the frequency
domain is more computationally efficient than the time-
domain counterpart (Pratt, 1999). In addition, visco-
acoustic waveform modeling can be easily performed in
the frequency domain by replacing the real-valued veloc-
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ity with a complex-valued velocity (Hicks and Pratt, 2001)
while an auxilliary field or the so-called memory variable
is needed to perform visco-acoustic modeling in the time
domain which leads to an extra computation time. There-
fore, frequency-domain FWI is even more efficient than
time-domain FWI for Q estimation in two dimensions. In
three dimensions, the cost of the LU decomposition used
to solve the large, sparse system of linear equations be-
comes prohibitive causing frequency-domain FWI based
on direct solvers to be inefficient. One way to solve this
problem is to use an iterative solver. An alternative to
the frequency-domain approach is to perform the wave-
form modeling in the time domain.
In this paper, I present the theory and implementation

of both acoustic and visco-acoustic waveform modeling us-
ing the finite-difference frequency-domain method in 2D
isotropic media. The extension to 3D cases will be per-
formed in the future.

ACOUSTIC WAVE EQUATION

In two dimenions, the constant-density acoustic wave equa-
tion can be written as

1

v2(x, z)

∂2p(x, z|t)
∂t2

=
∂2p(x, z|t)

∂x2
+

∂2p(x, z|t)
∂z2

, (1)

where p(x, z|t) is the pressure at position (x, z) at time
t, and v(x, z) is the wave velocity. To solve the wave
equation in the frequency, we first apply the temporal
Fourier transform to the wave equation 1 and obtain the
Helmholtz equation,

ω2

v2
P (x, z|ω) + ∂2P (x, z|ω)

∂x2
+

∂2P (x, z|ω)
∂z2

= 0, (2)

where P (x, z|ω) is the pressure in the frequency domain
and ω is the angular frequency. Adding a source term
S(x, z|ω) to the Helmholtz equation 2 yields

ω2

v2
P (x, z|ω) + ∂2P (x, z|ω)

∂x2
+

∂2P (x, z|ω)
∂z2

= S(x, z|ω).
(3)

ABSORBING BOUNDARY CONDITION

In this work, I used a simple absorbing boundary condition
proposed by Engquist and Majda (1977),

∂P

∂n
− ikP = 0, (4)

where “n is the direction normal to the absorbing model
boundary” (Ajo-Franklin, 2005), i =

√
−1, and k = ω/v is

the wave number. This simple absorbing boundary condi-
tion is not very effective in reducing the spurious reflection
from the domain boundary but it is very easy to imple-
ment and, therefore, I used it in this work. In the future,
I will instead use the perfectly matched layer (PML).

FINITE-DIFFERENCE
FREQUENCY-DOMAIN METHOD

To model the acoustic wave propagation in a visco-acoustic
medium, the Helmholtz equation 3 is numerically solved
using the finite-difference method. The spatial derivative
∂2P
∂x2 is approximated using the centered finite-difference
scheme, given by

∂2P

∂x2
≈ Pi−1,j − 2Pi,j + Pi+1,j

∆x2
, (5)

where Pij is the pressure at x = i∆x, i = 0, 1, ..., Nx, and
z = j∆z, j = 0, 1, ..., Nz , and ∆x and ∆z are the grid
spacings in the x- and z-directions, respectively. In this
work, we assume that ∆x = ∆z. Similarly, the spatial
derivative ∂2P

∂x2 is approximated to

∂2P

∂z2
≈ Pi,j−1 − 2Pi,j + Pi,j+1

∆z2
. (6)

Inserting equations 5 and 6 into the Helmholtz equation
3 yields

ω2

v2
Pi,j +

(
Pi−1,j − 2Pi,j + Pi+1,j

∆x2

)
+

(
Pi,j−1 − 2Pi,j + Pi,j+1

∆z2

)
= −Si,j . (7)

Equation 7 can be used to form a linear system of equa-
tion, written as

AP = S, (8)

where A is called the stiffness matrix, P is the unknown
pressure vector, and S is the source vector. LU decompo-
sition was used in this work to solve the linear system 8
for the pressure vector P.

NUMERICAL RESUTS

In this section, I applied the visco-acoustic modeling code
developed in this work to model acoustic wave propaga-
tion in the homogeneous visco-acoustic medium with the
quality factor of Q = 500, 100, 50, 10, and the velocity of
1000 m/s. The monochromatic source has the frequency
of 20 Hz. The numerical results are shown in Figure 1.
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Figure 1: Acoustic wavefields in the homogeneous visco-acoustic medium with the quality factor of Q = 500, 100, 50, 10.
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APPENDIX A: DERIVATION OF COMPLEX
PHASE VELOCITY FOR VISCO-ACOUSTIC

MODELING

In this section, I briefly describe seismic attenuation mod-
els which are used in this work.
The anelastic attenuation factor or seismic quality fac-

tor denoted as Q quantifies the effect of anelastic atten-
uation on the seismic wavelet caused by fluid movement
and grain boundary friction (Sheriff and Geldart, 1995).
It is defined as

Q = 2π
E

∆E
, (9)

where E/∆E is the fraction of energy lost per cycle. Seis-
mic attnuation is a dispersive behavior because the rate
of attenuation increases with frequency.
In addition to the quality factor Q, the attenuation co-

efficient α is another commonly used measure of attenu-
ation (Toksoz and Johnston, 1981). The quality factor Q
and attenuation coefficient α are related as follows.

1

Q
=

αv

πf
, (10)

where v is the velocity and f is the frequency.
The attenuation coefficient α is defined as the expo-

nential decay constant of the amplitude of a plane wave
traveling in a homogeneous medium. For plane wave prop-
agating in a homogeneous medium, the amplitude is given
by

A(x, t) = A0e
i(kx−ωt), (11)

where ω is the angular frequency and k is the wavenum-
ber. Attenuation may be introduced mathematically by
allowing either the frequency or wavenumber to be com-
plex. In the latter case,

k = kr + iα (12)

so that
A(x, t) = A0e

−αxei(krx−ωt), (13)

where the phase velocity is

v =
ω

kr
. (14)

Now I show the derivation of complex velocity vc for
visco-acoustic modeling.

vc =
ω

k

=
ω

kr + iα

=
ω

kr + iα
· kr − iα

kr − iα

=
ω (kr − iα)

k2r + α2
(15)

Rearranging equation 9 yields

α =
πf

Qv
=

ω

2Qv
. (16)

Substituting equation 16 into equation 15, we obtain

vc =
ω
(
kr − i iω

2Qv

)

k2r +
(

ω
2Qv

)2

=
ωkr

(
1− iω

2Qvkr

)

k2r

(
1 +

[
ω

2Qvkr

]2) (17)

Using equation 14, equation 17 can be rewritten as

vc = v

(
1− i

2Q

)

(
1 + 1

(2Q)2

)

= v

(
1 +

i

2Q

)−1

(18)

Equation 18 is then used to combine velocity and quality
factor models to simulate visco-acoustic wave propagation
which takes into account the effect of anelastic attenua-
tion.
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Chaiwoot Boonyasiriwat

ABSTRACT

In this work, I perform numerical modeling of acous-
tic wave propagation in tilted transverse isotropic
(TTI) media by using the finite-difference time-domain
method. I also compare the numerical solutions ob-
tained from solving the anisotropic, acoustic wave
equations proposed by Alkhalifah (2000), Klie and Toro
(2001), and Zhou et al. (2006). Using the acoustic ap-
proximation to the elastic wave equation results in a
computational efficiency but the numerical modeling
result also contains S-wave artifacts. I show in this
paper that these artifacts depend on the numerical
sampling parameters: the spatial and temporal step
lengths. To reduce these artifacts, the source point
must be located in an isotropic region as suggested by
Alkhalifah (2000). This suggestion is also shown in
this paper to be very effective in reducing the artifacts.
The isotropic region can be an artificial, small point
surrounded by a smooth transition zone which rapidly
becomes the actual anisotropic medium. I still need to
verify the result of Klie and Toro (2001) who claimed
that their modified equation can eliminate the S-wave
artifacts. The complexity of their equation comes from
the fourth-order derivatives.

INTRODUCTION

Petroleum reservoirs are in the earth crust which is an
anisotropic medium. Seismic exploration typically treats
the medium as isotropic for simplicity and computational
efficiency. The isotropic approximation can lead to degra-
dation in the seismic imaging result. In this paper, I
aim to perform numerical waveform modeling of acous-
tic wave propagation in tilted transverse isotropic (TTI)
media. The anisotropic waveform modeling code devel-
oped in this work will be later extended to anisotropic re-
verse time migration (RTM) and full-waveform inversion
(FWI).

Thomsen (1986) showed that most elastic media are
weak anisotropic and presented formulas of normal-moveout
(NMO) velocities. Waveform modeling in an anisotropic
medium can be performed by solving the anisotropic wave
equation. Alkhalifah (2000) first proposed an acoustic
wave equation in vertically transverse isotropic (VTI) me-
dia.

ANISOTROPIC ACOUSTIC WAVE
EQUATIONS

In this section I present the anisotropic acoustic wave
equations used in this study.

The 2D version of the acoustic wave equation in VTI
media proposed by Alkhalifah (2000) is given as

∂2P

∂t2
= (1 + 2η)v2h

∂2P

∂x2
+ v2v

∂2P

∂z2
− 2ηv2hv

2
v

∂4F

∂x2∂z2
, (1)

where

F (x, z, t) =

∫ t

0

∫ t′

0

P (x, z, τ)dτdt′, (2)

and

η =
ǫ− δ

1 + 2δ
. (3)

Here vh and vv are horizontal and vertical phase veloci-
ties, and δ and ǫ are Thomsen’s anisotropic parameters.
To reduce the S-wave artifact occurring in the waveform
modeling from Alkhalifah’s wave equation, Klie and Toro
(2001) proposed an artifact-free anisotropic acoustic wave
equation, given by

(1 + 2η)v2h
∂2P

∂x2
+ v2v

∂2P

∂z2
− (1 + 2η)2v4h

∂4F

∂x4
− v4v

∂4F

∂z4

−2(1 + η)v2hv
2
v

∂2F

∂x2∂z2
= 0. (4)

Personally, I think this wave equation looks strange. I
expect it to have a second-order time-derivative of P as
in the Alkhalifah’s wave equation.

Finally, I present here the acoustic wave equation in
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TTI media proposed by Zhou et al. (2006), given by

1

v20

∂2P

∂t2
− (1 + 2δ)HP −H0P = (1 + 2δ)HQ, (5)

and
1

v20

∂2Q

∂t2
− 2(ǫ− δ)HQ = 2(ǫ− δ)HP, (6)

where Q is an auxilliary wavefield, v0 is the phase velocity
along the symmetry axis. The operators H and H0 are
defined as

H = cos2 θ0
∂2

∂x2
+ sin2 θ0

∂2

∂z2
− sin 2θ0

∂2

∂x∂z
, (7)

and

H0 = sin2 θ0
∂2

∂x2
+ cos2 θ0

∂2

∂z2
+ sin 2θ0

∂2

∂x∂z
. (8)

FINITE-DIFFERENCE WAVE EQUATIONS

In this section, I presented the finite-difference wave equa-
tions resulting from applying the finite-difference time-
domain method to solve the wave equations.
First, I recall the finite-difference approximation used

by Alkhalifah (2000).

RESULTS

In this section, I present numerical modeling results from
solving the wave equations proposed by Alkhalifah (2000)
and Zhou et al. (2006). Figures 1a-b show the wavefields
after 1 s of propagation in VTI homogeneous medium.
It is obvious that the wave equation proposed by Zhou
et al. (2006) provides wavefields with much fewer artifacts
than the equation proposed by Alkhalifah (2000). In this
experiment, the spatial sampling interval is ∆x = ∆z =
10 m, and the temporal sampling interval is ∆t = 0.003 s.
The vertical velocity is vv = 2000 m/s, and the anisotropy
parameters are ǫ = 0.2, δ = 0.05, and η = 0.1364.
Alkhalifah (2000) suggested that the source is to be

placed in an isotropic region to reduce the artifacts. This
isotropic region is artificially placed at the source loca-
tion where the anisotropy parameters are set to zero and
smoothly increased to the actual anisotropic values using
the Gaussian function. The numerical results obtained
using this artificial isotropic region are shown in Figures
1c-d. According to the results, wavefields obtained from
solving the wave equation proposed by Zhou et al. (2006)
contain only much weaker artifiacts than the wavefields
obtain by solving the wave equation proposed Alkhalifah
(2000).

SUMMARY

I have compared various mathematical models for wave
propagation in visco-acoustic media. The modeling code
developed in this work will later be used for reverse-time
migration and full-waveform inversion in tilted transverse
isotropic (TTI) media.
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Figure 1: Wavefields obtained by solving the acoustic
wave equation in VTI. The anisotropic parameters are
ǫ = 0.2, δ = 0.05, and η = 0.1364.
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Electromagnetic Waveform Modeling in 2D Isotropic, Lossy Media using
the Finite-Difference Time-Domain (FDTD) Method

Chaiwoot Boonyasiriwat

ABSTRACT

In this work, I developed a MATLAB program for nu-
merical modeling of electromagnetic wave propagation
in the time domain in 2D isotropic, lossy media us-
ing the finite-difference time-domain (FDTD) method.
The modeling code developed here will later be ex-
tended to inversion codes for ground-penetrating radar
(GPR), time-domain controlled-source electromagnetic
(CSEM) imaging, and hopefully joint inversion with
seismic methods.

INTRODUCTION

The electromagnetic (EM) wave theory has a wide range
of applications including geophysical exploration such as
ground-penetrating radar (GPR) (Jol, 2009), magnetotel-
luric (MT) (Simpson and Bahr, 2005; Chave and Jones,
2012), and controlled-source electromagnetic (CSEM) (Con-
stable, 2010) methods. In these imaging methods, nu-
merical modeling of EM wave propagation, which is to
numerically solve the Maxwell’s equations, is a crucial
part. Many methods have been proposed for solving the
Maxwell’s equations including finite-difference time-domain
(FDTD), finite-element time-domain (FETD), discontin-
uous Galerkin time-domain (DGTD), finite-volume time-
domain (FVTD), and pseudo-spectral time-domain (PSTD)
methods. Here I only concentrate on the time-domain
methods. These methods also have their frequency-domain
counterparts. Among these methods, FDTD is the sim-
plest and easiest to implement, and well suited for broad-
band electromagnetic exploration. Therefore, I chose to
implement the FDTD method for EM modeling. The
scope of this study is only focused on EM wave propa-
gation in 2D isotropic, lossy media. Currently, only a
synthetic model was used to test the code developed in
this work. In the future, I will perform more experiment
on realistic models and then develop inversion codes for

GPR and CSEM. In addition, numerical methods such as
finite-element and pseudo-spectral methods will be imple-
mented and compared with FDTD.

THEORY

In this section, I present the differential forms of the Maxwell’s
equations which are the governing equations for electro-
magnetic wave propagation. The generalized equations
are then reduced to the 2D versions in both the tranverse
magnetic (TM) and transverse electric (TE) modes which
are used for numerical modeling in this work.

Maxwell’s Equations in Three Dimensions

Since the finite-difference time-domain method is used for
solving the differential forms of the Maxwell’s equation, I
only present here the differential forms in 3D, given by

∇×E = −∂B
∂t , (Faraday’s law)

∇ ·D = ρ, (Gauss’s law)
∇×H = J+ ∂D

∂t , (Ampere’s law)
∇ ·B = 0, (Gauss’s magnetic law)

∇ · J = −∂ρ
∂t , (Continuity equation)

where E is the electric field intensity, D is the electric
flux density, B is the magnetic field intensity, H is the
magnetic flux density, J is the electric current density,
and ρ is the volume charge density (Inan and Marshall,
2011).

Assuming also that the medium is linear, we have the
constitutive relations, given by

D = ǫE+P, (1)

H =
B

µ0
−M, (2)

where P is the polarization vector in a dielectric material,
and M is the magnetization vector in a magnetic material
(Inan and Marshall, 2011). To stress the contribution of
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the medium, the Maxwell’s equations can be rewritten as

∇×E = −∂B

∂t
,

∇ ·E =
1

ǫ
(ρ−∇ ·P) ,

∇×B = ǫµ
∂E

∂t
+ µ

(
J+

∂P

∂t
+∇×M

)
,

∇ ·B = 0,

where ǫ 6= ǫ0 and and µ 6= µ0 are the permittivity and the
permeability in material, and ǫ0 and µ0 are the permittiv-
ity and the permeability of free space, respectively. With
the presence of matter, there are some extra terms in the
Maxwell’s equations including the bound volume charge
density −∇ · P, the polarization current density ∂P/∂t,
and the equivalent volume magnetization current density
∇ × M (Inan and Marshall, 2011). While ρ is the free
charge density, the electrical current density J is a combi-
nation of a source current Ji and the electrical conduction
current Jc,

J = Ji + Jc, (3)

where the electrial conduction current is given by

Jc = σE. (4)

Time-Harmonic Maxwell’s Equations

Suppose the field vectors E,D,H,B, and J are time-
harmonic functions, given by

E(x, y, z, t) = ℜe
[
E′(x, y, z)eiωt

]
, (5)

D(x, y, z, t) = ℜe
[
D′(x, y, z)eiωt

]
, (6)

H(x, y, z, t) = ℜe
[
H′(x, y, z)eiωt

]
, (7)

B(x, y, z, t) = ℜe
[
B′(x, y, z)eiωt

]
, (8)

J(x, y, z, t) = ℜe
[
J′(x, y, z)eiωt

]
, (9)

where E′,D′,H′,B′, and J′ are complex phasors that do
not vary with time. In general, the medium properties
µ, ǫ, and σ may vary with time but, in this work, we as-
sume that they are time-independent.
Using the time-harmonic functions defined above, the

Maxwell’s equations in the frequency domain, obtained
by temporal Fourier transformation of the time-domain
Maxwell’s equations, become

∇×E = −iωB, (10)

∇ ·D = ρ, (11)

∇×H = J+ iωD, (12)

∇ ·B = 0. (13)

Electromagnetic Wave Equations

Electromagnetic wave was predicted theoretically by Maxwell
(1865) and later confirmed experimentally by Hertz (1888).
Today, electromagnetic waves are utilized in many appli-

cations including communication systems, medical imag-
ing, Global Positioning Systems (GPS), and microwave
heating (Inan and Marshall, 2011).

To obtain a wave equation in free spacefor the electric
field E, for example, from the Maxwell’s equations, first
we apply a curl to the Faraday’s law and use the consti-
tutive relation B = µH, and obtain

∇×∇×E = −µ
∂(∇×H)

∂t
. (14)

Assuming J = 0 and using the constitutive relation D =
ǫE, the Ampere’s law becomes

∇×H = ǫ
∂E

∂t
. (15)

Substituting equation 15 into equation 14 and using the
vector identity ∇×∇× E = ∇(∇ ·E)−∇2E, we obtain
the wave equation

∇(∇ ·E)−∇2E = −µǫ
∂2E

∂t2
. (16)

If there is no free charge, ρ = 0, then ∇ · E = 0 and the
wave equation becomes

∇2E− 1

c2
∂2E

∂t2
= 0, (17)

where c = 1/
√
µǫ is the speed of the electromagnetic wave

which is equal to the speed of light in free space.

Maxwell’s Equations in Two Dimensions

In this work, I consider 2D heterogeneous, source-free me-
dia with electric loss, no magnetic loss (ρ = 0, J = 0,
σ 6= 0, and σm = 0), and assume that both wavefields and
media have no variations in the z direction. Consequently,
the Maxwell’s equations becomes,

−µ
∂H

∂t
= ∇×E,

ǫ
∂E

∂t
= ∇×H.

The vector equations can be separated into scalar equa-
tions for each field component as

∂Hx

∂t
= − 1

µ

∂Ez

∂y
,

∂Hy

∂t
=

1

µ

∂Ez

∂x
,

∂Hz

∂t
=

1

µ

(
∂Ex

∂y
− ∂Ey

∂x

)
,

∂Ex

∂t
=

1

ǫ

∂Hz

∂y
,

∂Ey

∂t
= −1

ǫ

∂Hz

∂x
,

∂Ez

∂t
=

1

ǫ

(
∂Hy

∂x
− ∂Hx

∂y

)
.
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There are two modes of electromagnetic waves propa-
gating in materials: tranverse magnetic (TM) and trans-
verse electric (TE) modes. In the TM mode, the magnetic
field is perpendicular to the propagation direction which,
in this case, is the z direction. Consequently, Hz = 0,
Ex = 0, Ey = 0, and the Maxwell’s equations for the TM
mode are

∂Hx

∂t
= − 1

µ

∂Ez

∂y
, (18)

∂Hy

∂t
=

1

µ

∂Ez

∂x
, (19)

∂Ez

∂t
=

1

ǫ

(
∂Hy

∂x
− ∂Hx

∂y

)
. (20)

In the TE mode, the electric field is perpendicular to the
propagation direction and, consequently, Ez = 0, Hx = 0,
Hy = 0. The Maxwell’s equations for the TE mode are

∂Ex

∂t
=

1

ǫ

∂Hz

∂y
, (21)

∂Ey

∂t
= −1

ǫ

∂Hz

∂x
, (22)

∂Hz

∂t
=

1

µ

(
∂Ex

∂y
− ∂Ey

∂x

)
. (23)

Lossy Media

Dielectric and Ohmic losses can be modeled by using a
complex dielectric constant ǫc defined as (Inan and Mar-
shall, 2011)

ǫc = ǫ′ − iǫ′′, (24)

where i =
√
−1. This is similar to the case of visco-

acoustic wave propagation in which seismic attenuation
is embeded into the system using complex phase velocity
or wave number. Using the complex dielectric constant,
the time-harmonic Ampere’s law becomes

∇×H′ = σE′ + iω(ǫ′ − iǫ′′)E′,

= (σ + ωǫ′′)E′ + iωǫ′E′,

= σeffE
′ + iωǫ′E′, (25)

where σeff is the effective electrical conductivity which
combines the effects of both the Ohmic and dielectric
losses. When σ = 0, we obtain

σeff = ωǫ′′. (26)

In a similar way, magnetic loss can be modeled using a
complex permeability µc defined as (Inan and Marshall,
2011)

µc = µ′ − iµ′′. (27)

Nonetheless, we only consider media with electric losses
in this work.
To see, for example, how the complex dielectric constant

can lead to dielectric and Ohmic losses, consider a plane

wave propagating in the z direction,

Ex(z, t) = Ex0e
i(kzz−ωt), (28)

where Ex is the x component of the electric field E, kz is
the wave number in the z direction, and ω is the angular
frequency. This plane wave satisfies the source-free 1D
wave equation,

1

c2
∂2Ex

∂t2
− ∂2Ex

∂z2
= 0. (29)

Applying both spatial and temporal Fourier transforms to
equation 29 yields

ω2

c2
Ex + k2zEx = 0, (30)

which leads to the dispersion relation

k2z =
ω2

c2
. (31)

Using the complex dielectric permittivity defined in equa-
tion 24, we have

k2z = ω2µ(ǫ′ + iǫ′′), (32)

which can be simplified as

kz = kr + iki, (33)

where kr = ℜe(kz) and ki = Im(kz). Substituting equa-
tion 33 into equation 28 yields the plane wave with am-
plitude attenuation,

Ex(z, t) = Ex0e
−kizei(krz−ωt). (34)

In addition to the amplitude decay, there will also be
phase distortion due to velocity dispersion as described
in my report on inverse Q filtering.

Now I present the derivation of the time-domain govern-
ing equations for TM-mode electromagnetic wave propa-
gation in 2D media with electric loss, no magnetic loss.
In this case, equstions 18 and 19 are intact. Taking a
temporal Fourier transformation of equation 20 and us-
ing the complex dielectric permittivity definition (equa-
tion 24) yields

iωE′
z(ǫ

′ + iǫ′′) =
∂H ′

y

∂x
− ∂H ′

x

∂y
. (35)

Substituting equation 26 into equation 35 and rearranging
yields

iωE′
z(1 + i

σ

ωǫ′
) =

1

ǫ′

(
∂H ′

y

∂x
− ∂H ′

x

∂y

)
,

iωE′
z −

σ

ǫ′
E′

z =
1

ǫ′

(
∂H ′

y

∂x
− ∂H ′

x

∂y

)
. (36)

Taking inverse Fourier transformation, we obtain the time-
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Figure 1: Models of (a) absolute permittivity and (b) electrical conductivity. Snapshots of (c) Ez and (d) Hx after 60
µs of EM simulation.

domain equation

∂Ez

∂t
− σ

ǫ′
Ez =

1

ǫ′

(
∂Hy

∂x
− ∂Hx

∂y

)
. (37)

Equations 18, 19, and 37 are then used to model TM-
mode electromagnetic wave propagation in a medium with
electric loss. In a similar way, we can derive the governing
equations for the TE mode.

NUMERICAL RESULTS

The developed MATLAB code was applied to model the
electromagnetic wave propagation in the TM mode in
a reservoir model similar to the one used in Constable
(2010). The reservoir model contains an oil field buried
at 1 km depth beneath the seafloor with a thickness of 100
m. The source was located in the middle of the x direc-
tion and 100 m beneath the sea surface, and the Ricker
function was used as the source signature with the peak
frequency of 100 kHz. Figure 1 shows the models and the
snapshots of the wavefields Ez and Hx at time 60 µs.
The source frequency is in the range for GPR. For CSEM,

the typical frequency range is from 0.1 to 10 Hz (Consta-
ble, 2010) making CSEM a low-frequency imaging method.
I was not able to use such a low-frequency source in this
work since the required time step is too small due to the
speed of light in the numerical stability condition. This
problem must be fixed in my future work before I can
develop an inversion code for time-domain CSEM. How-
ever, with the current code, I can directly develop a full-
waveform inversion (FWI) code for GPR.

SUMMARY

Theory of electromagnetic wave propagation was presented
with derivations to show how to model the wave propaga-
tion in the TM mode in 2D isotropic media with electric
loss. A MATLAB code has been successfully developed
and tested on a 2D reservoir model. Using the current
code, I will develop an inversion code for GPR in the fu-
ture. For controlled-source electromagnetic (CSEM) ap-
plication, I still need to perform further investigations
to understand how the time-domain method can over-
come the airwave problem happened in the frequency-
domain method. In addition, I still need to develop an
efficient code for numerical modeling of electromagnetic
wave propagation at the low frequency range for CSEM
applications.
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Perfectly matched layers (PML) for full-waveform modeling of seismic
and electromagnetic wave propagation in unbounded domains

Chaiwoot Boonyasiriwat

ABSTRACT

In this work, I present the theory of perfectly matched
layer for numerical modeling of seismic and electromag-
netic waves in unbounded domains.

INTRODUCTION

Full-waveform modeling of seismic and electromagnetic
wave propagation is a very important tool for geophys-
ical exploration, especially for imaging techniques based
on two-way wave equations such as reverse-time migration
and full-waveform inversion. Many numerical methods
have been proposed to solve the wave equations including
the finite-difference method, the finite-element method,
spectral and pseudo-spectral methods, boundary-element
method, and wavelet-based method. Typically, the com-
putational domain is bounded and represents only a re-
gion of interest of the physical medium. When wavefields
propagate to the boundary of the computational domain,
we would like the wavefields to leave the domain, i.e.,
there is no reflection from the boundary. Many absorb-
ing boundary conditions and layers have been proposed in
the past decades including the absorbing boundary condi-
tions proposed by Clayton and Engquist (1980) and Keys
(1985), the sponge boundary layer proposed by Cerjan
et al. (1985), and the perfectly matched layer (PML) pro-
posed by Berenger (1994). Among the three, PML is the
most efficient and effective one. Many efforts have been
spent to improve the efficiency and effectiveness of PML
until it is now the most widely used absorbing boundary
layers for numerical modeling of wave propagation.
In this paper, I present PML formulas for numerical

modeling of seismic and electromagnetic wave propagation
in the time domain.

FINITE DIFFERENCE METHOD

Finite-difference methods (FDMs) are a numerical method
based on the Taylor’s expansion for solving partial differ-
ential equations (PDEs). Continuous problems solved by
FDM will be discretized, e.g., on to a regular grid (see
Figure 1). For simplicity, only a uniform grid (∆x = ∆z
everywhere in the domain) will be used here. A one-
dimensional forward Taylor’s expansion for a uniform grid
is given as

f(xi+1) = f(xi) + ∆xf ′(xi) +
∆x2

2!
f ′′(xi) +

∆x3

3!
f ′′′(xi) +

∆x4

4!
f (4)(xi) + ... (1)

where xi = i∆x for i = 0, 1, 2, ..., n. As an example, we
can rearrange and truncate terms in equation 1 to obtain
a first-order approximation of the first-order derivative of
function f , namely

f ′(xi) ≈
f(xi+1)− f(xi)

∆x
+O(∆x). (2)

Let’s have another example before we apply FDM to
solve the acoustic wave equation. To improve the order
of accuracy of the forward FDM scheme in equation 2, we
can use the backward Taylor’s expansion of the function
f at x(i− 1)

f(xi−1) = f(xi)−∆xf ′(xi) +
∆x2

2!
f ′′(xi)−

∆x3

3!
f ′′′(xi) +

∆x4

4!
f (4)(xi)− ... (3)

Subtracting equation 3 from equation 1 yields

f(xi+1)− f(xi−1) = 2∆xf ′(xi) +
∆x3

3!
f ′′′(xi) +O(∆x5).

(4)
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Rearranging equation 4 gives us

f ′(xi) =
f(xi+1)− f(xi−1)

2∆x
+O(∆x2), (5)

which is a central FDM scheme with a second order of
accuracy.
To demonstrate how FDM can be used to solve a PDE,

let’s solve the first-order coupled acoustic wave equations

p,t(r, t) = c2(r)ρ(r)∇ · u, (6)

u,t(r, t) =
1

ρ(r)
∇p(r, t), (7)

where p is the pressure field, u is the particle velocity field,
c is velocity, ρ is bulk density, r is position vector, and t is
time. A derivative of variable f with respect to variable
x is denoted as f,x. This notation was used in equations
6 and 7, and will be used later on.

Staggered-Grid Finite-Difference Method

The standard FDM method for solving the first-order cou-
pled acoustic wave equations is the staggered-grid FDM.
More details on this method are described in Levander
(1988) for an elastic case.
To solve the acoustic wave equations using FDM on the

staggered grid, let’s first rewrite equations 6 and 7 for two
dimensions as

p,t(x, z, t) = c2(x, z)ρ(x, z) (u,x(x, z, t) + w,z(x, z, t)) ,
(8)

u,t(x, z, t) =
1

ρ(x, z)
p,x(x, z, t), (9)

w,t(x, z, t) =
1

ρ(x, z)
p,z(x, z, t), (10)

where u and w is the x- and z-components of the particle
velocity u. Then approximate the temporal and spatial
derivatives in equations 8-10 using finite differences, i.e.,

p,t(x, z, t) = p,t(xi, zj , tk) ≈
p
k+1/2
ij − p

k−1/2
ij

2∆t
2

+O(∆t2),

(11)

u,x(x, z, t) = u,x(xi, zj , tk) ≈
uki+1/2,j − uki−1/2,j

2∆x
2

+O(∆x2),

(12)
where

x = xi = i∆x for i = 0, 1, 2, ..., nx (13)

z = zj = j∆z for j = 0, 1, 2, ..., nz (14)

t = tk = k∆t for k = 0, 1, 2, ..., nt (15)

p
k+ 1

2
ij = p(xi, zj , tk +

∆t

2
), (16)

uki+ 1
2 ,j

= u(xi +
∆x

2
, zj , tk). (17)

We will use a second-order FDM to approximate both

time and spatial derivatives. By replacing the derivatives
in equations 8-10 with finite differences and rearranging
the resulting difference equations we obtain

p
k+ 1

2
ij = p

k− 1
2

ij +
c2ijρij∆t

∆x

(
uki+ 1

2 ,j
− uki− 1

2 ,j
+ wk

i,j+ 1
2
− wk

i,j− 1
2

)
,

(18)

uk+1
i+ 1

2 ,j
= uki+ 1

2 ,j
+

∆t

ρij∆x

(
p
k+ 1

2
i+1,j + p

k+ 1
2

ij

)
, (19)

wk+1
i,j+ 1

2

= wk
i,j+ 1

2
+

∆t

ρij∆x

(
p
k+ 1

2
i,j+1 + p

k+ 1
2

ij

)
. (20)

Equations 18-20 represent an explicit staggered-grid FD
scheme with second-order accuracy in space and time. In
the class, we will derive a FD scheme with fourth-order
accuracy in space.

PERFECTLY MATCHED LAYER

In many applications, we want to model wavefield prop-
agation in an unbounded domain. When the wavefield
propagates to a boundary, there will be some reflection
from the boundary. This boundary reflection is not de-
sirable and we want to eliminate it from our numerical
simulation. Absorbing boundary conditions (ABCs) are
normally used for this purpose. There are various kinds
of ABCs in the literature but one of the standard and
most widely used ABCs is perfectly matched layer (PML)
boundary conditions (Berenger, 1994).

Before we go into more details on PML, let’s first intro-
duce the simplest ABC which is based on a one-way prop-
agation operator (Clayton and Engquist, 1980). Recalling
the second-order acoustic wave equation in 1D, namely,

1

c2
p,tt − p,xx =

(
1

c2
∂2

∂t2
− ∂2

∂x2

)
p = 0. (21)

The two-way propagation operator in the parentheses can
be decomposed into two one-way propagation operators,
and equation 21 becomes

(
1

c

∂

∂t
− ∂

∂x

)(
1

c

∂

∂t
+

∂

∂x

)
p = 0. (22)

Either of the one-way propagation operators in equations
22 can be used as an absorbing boundary condition at the
boundary of the computation domain to reduce bound-
ary reflections by approximating the derivatives by finite
differences. The main drawback of this ABC is that it per-
fectly absorbs only normal-incident wavefields. So oblique-
incident wavefields will still produce spurious reflections
from the boundary. Nonetheless, this one-way-propagator
ABC works nicely in 1D case since the wavefields always
propagate perpendicular to the boundary.

Boundary reflections can be significantly reduced by
using PML. The key idea of PML is to turn propagat-
ing waves into decaying waves in the region of PML. To
demonstrate this idea, let’s assume a 1D homogeneous
medium so the wavefield can be represented by a plane
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wave
p(x, t) = ei(kx−ωt). (23)

Since the wavefield is an analytic function, we can use
analytic continuation by replacing the real coordinate x
with a complex coordinate (Johnson, 2010)

x̃ = x+
iσ(x)

ω
, (24)

where σ(x) vanishes when x < 0. Substituting equation
24 into equation 23 and rearranging yields

p(x, t) = ei(kx−ωt)e−kσ/ω (25)

which shows that the wavefield is exponentially decaying
wherever σ(x) is nonzero.
To make use of the complex coordinate, we just simply

replace a spatial derivative operator with a modified form

∂

∂x
→ ∂

∂x̃
=

1

1 + iσ
ω

∂

∂x
=

−iω
σ − iω

∂

∂x
. (26)

Let’s apply PML to 1D first-order wave equations

p,t(x, t) = c2(x)ρ(x)u,x(x, t), (27)

u,t(x, t) =
1

ρ(x)
p,x(x, t). (28)

Applying Fourier transform in time to equations 27 and
28 yields

−iωp̃(x, ω) = c2(x)ρ(x)
∂u(x, ω)

∂x
, (29)

−iωũ(x, ω) = 1

ρ(x)

∂p̃(x, ω)

∂x
, (30)

where p̃ and ũ are the Fourier transforms in time of p and
u. The regular coordinate x in equations 26 and 27 is then
replaced by the complex coordinate in equation 24, and
we obtain

−iωp̃ = c2ρ
∂ũ

∂x̃
, (31)

−iωũ =
1

ρ

∂p̃

∂x̃
. (32)

Using equation 26, equations 28 and 29 become

−iωp̃ = c2ρ

(
1

1 + iσ
ω

)
∂ũ

∂x
, (33)

−iωũ =
1

ρ

(
1

1 + iσ
ω

)
∂p̃

∂x
. (34)

Rearranging equations 31 and 32, we obtain

−iωp̃+ σp̃ = c2ρ
∂ũ

∂x
, (35)

−iωũ+ σũ =
1

ρ

∂p̃

∂x
. (36)

Taking the inverse Fourier transforms to equations 35 and

36 yields the PML formulation of the first-order wave
equations

∂p

∂t
+ σp = c2ρ

∂u

∂x
, (37)

∂u

∂t
+ σu =

1

ρ

∂p

∂x
, (38)

Using the steps above, we can derive PML formulations
in other cases as shown in Appendix A.

SUMMARY

Formulations of the perfectly matched layers for numerical
modeling of seismic and electromagnetic wave propagation
have been presented.
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APPENDIX A: PML FORMULATIONS

PML Formulations for Second-Order Wave
Equations

1D Case

The governing equation for the 1D case is given by

p,tt − c2p,xx = 0. (39)

Applying temporal Fourier transform to equation 39 yields

−ω2p̃− c2p̃,xx = 0, (40)

where p̃ is the pressure field in the frequency domain. Ap-
plying the PML transformation 26 to equation 40 yields

−ω2p̃− c2
[ −iω
σ − iω

∂

∂x

( −iω
σ − iω

∂p̃

∂x

)]
= 0, (41)

p̃− c2
[

1

σ − iω

∂

∂x

(
1

σ − iω

∂p̃

∂x

)]
= 0. (42)
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Let

ψ̃ =
1

σ − iω

∂p̃

∂x
. (43)

Then equation 42 becomes

p̃− c2

σ − iω

∂ψ̃

∂x
= 0, (44)

(σ − iω)p̃− c2
∂ψ̃

∂x
= 0. (45)

Taking inverse temporal Fourier transform to equations
43 and 45 yields

∂p

∂t
+ σp− c2

∂ψ

∂x
= 0 (46)

and
∂ψ

∂t
+ σψ − ∂p

∂x
= 0, (47)

which are the PML formulations for the first-order cou-
pled wave equation; the auxiliary field ψ has the physical
meaning of the particle momentum ρu.
To obtain the second-order PML formulation, differen-

tiate equation 46 with respect to time and use equation
47: (

p,tt − c2p,xx
)
+
(
σp,t − c2(σψ),x

)
= 0, (48)

ψ,t + σψ − p,x = 0. (49)

Comparing the first- and second-order PML formulations,
it is obvious that the first-order formulation is simpler
and thus easier to implement. The staggered-grid finite-
difference method is required to implement both formula-
tions. Nonetheless, for the 1D case the absorbing bound-
ary condition of Clayton and Engquist is the method of
choice since it can perfectly absorp normally incident wave-
field.

2D Case

The governing equation for the 2D case is given by

p,tt − c2(p,xx + p,zz) = 0. (50)

Applying temporal Fourier transform to equation 50 yields

−ω2p̃− c2(p̃,xx + p̃,zz) = 0. (51)

Applying the PML transformation 26 to equation 51 yields

−ω2p̃− c2
[ −iω
σx − iω

∂

∂x

( −iω
σx − iω

∂p̃

∂x

)
+

−iω
σz − iω

∂

∂z

( −iω
σz − iω

∂p̃

∂z

)]
= 0, (52)

p̃− c2
[

1

σx − iω

∂

∂x

(
1

σx − iω

∂p̃

∂x

)
+

1

σz − iω

∂

∂z

(
1

σz − iω

∂p̃

∂z

)]
= 0, (53)

Let

ψ̃x =
1

σx − iω

∂p̃

∂x
, (54)

and

ψ̃z =
1

σz − iω

∂p̃

∂z
. (55)

Using equations 54 and 55, equation 53 becomes

p̃− c2

(
1

σx − iω

∂ψ̃x

∂x
+

1

σz − iω

∂ψ̃z

∂z

)
= 0, (56)

(σx−iω)(σz−iω)p̃−c2
[
(σz − iω)

∂ψ̃x

∂x
+ (σx − iω)

∂ψ̃z

∂z

]
= 0,

(57)
Multiplying equation 57 by 1/(−iω) yields

[
(−iω) + (σx + σz) +

σxσz
−iω

]
p̃

−c2
[(

σz
−iω + 1

)
∂ψ̃x

∂x
+

(
σx
−iω + 1

)
∂ψ̃z

∂z

]
= 0. (58)

Let

φ̃ =
p̃

−iω , (59)

φ̃x =
ψ̃x

−iω , (60)

and

φ̃z =
ψ̃z

−iω . (61)

Using equations 59-61, equation 58 becomes

−iωp̃+ (σx + σz)p̃+ σxσzφ̃

−c2
(
σz
∂φ̃x
∂x

+
∂ψ̃x

∂x
+ σx

∂φ̃z
∂z

+
∂ψ̃z

∂z

)
= 0. (62)

Taking inverse temporal Fourier transform to equation 62
yields

∂p

∂t
+ (σx + σz)p+ σxσzφ

−c2
(
σz
∂φx
∂x

+
∂ψx

∂x
+ σx

∂φz
∂z

+
∂ψz

∂z

)
= 0. (63)

To obtain the second-order PML formulation, differentiate
equation 63 with respect to time:

∂2p

∂t2
+ (σx + σz)

∂p

∂t
+ σxσz

∂φ

∂t

−c2
(
σz
∂2φx
∂x∂t

+
∂2ψx

∂x∂t
+ σx

∂2φz
∂z∂t

+
∂2ψz

∂z∂t

)
= 0. (64)

Taking inverse temporal Fourier transform to equations
54-55 and 59-61 we obtain

φ,t = p, (65)

φx,t = ψx, (66)
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φz,t = ψz, (67)

ψx,t = −σxψx + p,x, (68)

and
ψz,t = −σzψz + p,z. (69)

Substituting equations 65-69 into equation 64 yields

[
p,tt − c2(p,xx + p,zz)

]
+ [(σx + σz)p,t + σxσzp

−c2 {σzψx,x − (σxψx),x + σxψz,z − (σzψz),z}
]
= 0. (70)

PML Formulations for First-Order Wave
Equations

Similar to the second-order PML formulation, we obtain
the following first-order PML formulations.

1D Case

p,t + σxp− ρc2u,x = 0, (71)

u,t + σxu− 1

ρ
p,x = 0. (72)

2D Case

p,t+(σx+σz)p+σxσzφ−ρc2(σzφx,x+u,x+σxφz,z+w,z) = 0,
(73)

u,t + σxu− 1

ρ
p,x = 0, (74)

w,t + σzw − 1

ρ
p,z = 0, (75)

φ,t = p, (76)

φx,t = u, (77)

and
φz,t = w, (78)

It turns out that the auxiliary field φ is not necessary in
the first-order formulation.



64



Part III

Migration and Inversion

65



66



Visco-acoustic full-waveform inversion in the space-frequency domain
using the MUMPS direct solver

Apirujee Nakpathom, Jeff Shragge, and Chaiwoot Boonyasiriwat

ABSTRACT

Full-waveform inversion (FWI) has been demonstrated
to be an effective technique to recover the property
of the subsurface based on mathematically minimizing
the difference between observed and calculated data
from full-wavefield modeling. In this study, we present
the FWI based on visco-acoustic wave modeling in fre-
quency domain to reconstruct P-wave velocity (Vp) and
P-wave attenuation factor (Q). The two difference al-
gorithms are investigated and applied to both cross-
hole and onshore data.

INTRODUCTION

In seismic exploration, seismic waves were generated by
artificial energy sources, and travel through the earth’s
subsurface. The waves reflect at boundaries where there
are contrasts in acoustic impedance. These reflected and
other waves are recorded by receivers on the surface - seis-
mic data.

Full waveform inversion (FWI) is a method to estimate
the subsurface property by matching the observed data
and predicted data which are generated from a modeling
process based on the visco-acoustic wave equation. Visco-
acoustic FWI can estimate both the velocity and attenua-
tion factor of the subsurface. Attenuation is a mechanism
that decreases the amplitude of seismic waves propagat-
ing through the medium. The real earth attenuates waves
due to the conversion of wave energy into heat. This an-
elastic behavior decease amplitude of the wave field and
thus can have effect on FWI by reducing the resolution
of the estimated model. So it is important to compensate
for an-elastic behavior to make the estimated results more
reliable. Attenuation properties of the subsurface can be
expressed as quality factor (Q), a dimensionless value that
involves with wave velocity as the complex velocity.

Visco-acoustic wave field that propagate through the

earth can be generate by applying finite difference method
(FDM) to acoustic wave equation, in this case, in frequency-
space domain (FD). There are the advantages of the FDFDM
wave modeling approach. For example, FDFDM model-
ing can be specified as a discrete matrix formulation, so
it is possible to derive matrix formulas for the iterative
non-linear inverse method, i.e. steepest descent method
and Gauss-Newton method. It also allows us to sequential
reconstruct model parameters from low to high frequency
component of the data. Different from time domain inver-
sion methods that use all frequency of the data, frequency
domain methods use only few frequencies to invert the
accurate model. By using the low frequency estimated
model as a starting model for later inversions, the chance
of convergence to a local minimum is somewhat reduced.
Furthermore, the attenuation can be included at no in-
creased computational cost by straight forward using the
complex velocity. In contrast, time domain methods re-
quire convolution operation with a response function to
model visco-acoustic effects. Another advantage is the
simultaneously multisource modeling by using LU decom-
position. Use of LU decomposition in FDFDM allows the
fast calculation of the wavefield due to multiple sources
once an initial factorization step is completed.

In this study, we developed the modeling and inversion
code. The code is written in Fortran 90 and uses Message
Passing Interface (MPI) for parallelism. We also use the
MUlti frontal Massively Parallel direct Solver (MUMPS)
for solving LU factorization.

In theory section, we present the mathematical method
used in visco-acoustic modeling and inversion. The two-
difference minimization method, i.e. steepest descent and
Quasi-Newton, will be introduced along with the param-
eter classed. The FWI algorithm is also presented as flow
chart in this section.

In synthetic results section, we investigated both mini-
mization schemes together with two-difference parameter
classes by testing with the simple boxes model. From
previous synthetic study, we found some drawback of the
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slowness parameter class. So we investigated further by
using quasi-Newton method with v-q parameter class with
both cross-hole and onshore synthetic data. Then we
present numerical results from FWI.

THEORY

Visco-acoustic Wave Modeling in Frequency
Domain

From the two-dimensional acoustic wave equation in space-
time domain,

1

c(x, z)2
∂2

∂t2
p(x, z, t) +

[
∂2

∂x2
+

∂2

∂z2

]
p(x, z, t) = s(x, z, t)

(1)
where p(x, z, t) is the pressure wavefield, s(x, z, t) is source,
and c(x, z) is acoustic wave velocity. We apply Fourier
transform to equation (1), and then we obtain

ω2

c(x, z)2
P (x, z, ω) +

[
∂2

∂x2
+

∂2

∂z2

]
P (x, z, ω) = S(x, z, ω)

(2)
Above equation is the two-dimensional acoustic wave equa-
tion in the space-frequency domain. Where P (x, z, ω) and
S(x, z, ω) is the pressure wavefield and source in the space-
frequency domain. ω is the angular frequency.

One of the advantage of working in the frequency
domain is we can directly implement of the attenuation
property through the relation

c̃ = c

[
1 +

i

2Q

]−1
(3)

where c̃ is the complex velocity and Q is the attenuation
factor.

In order to solve Eq. (2), we discretize equation
(2) using an implicit finite difference scheme based on 2nd

accurate centered difference operators with constant grid
spacing in both x and z directions. The centered difference
operator for the second derivative can be written as,

∂2Pi,j

∂x2
=
Pi−1,j − 2Pi,j + Pi+1,j

4x2 (4)

where 4x is the grid spacing. After substituting the dif-
ference operator (4) into our wave equation (2), we obtain,

ω2

ci,j2
Pi,j +

[
Pi−1,j − 2Pi,j + Pi+1,j

4x2
]

+

[
Pi,j−1 − 2Pi,j + Pi,j+1

4z2
]

= Si,j

(5)

At the boundary of the computational domain, we
use the Engquist-Majda absorbing boundary condition,

∂P

∂n
− iω

c
P = 0 (6)

Which can be discretize by using 1st order difference op-

erator as,
Pi,1 − Pi,2

4z − i ω
ci,1

Pi,1 = 0 (7)

For the case of the top boundary where j = 1.
From the discretization, acoustic wave equation (2)

can be written in a matrix form as,

A(m)p = s (8)

Where A is the sparse differential operators matrix with
dimension N × N , where N = nz × nx, depends on fre-
quency ω and on model properties m that includes both
velocity and attenuation variation. Two-dimensional pres-
sure p and source s fields at frequency ω are stored as
vectors of dimension N .

The 2D pressure field is obtained by solving the
system of linear equation, eq.8. In this study, MUMPS
(MUltifrontal Massively Parallel sparse direct Solver) is
used to solve the equation. Therefore, multiple sources’
solutions can be obtained once the matrix A was factor-
ized using a LU decomposition scheme:

LU [p1p2 . . .pns] = [s1s2 . . . sns] (9)

This is the other advantage of working in the fre-
quency domain, because we can simulation the wavefield
from multi-source simultaneously.

Full-waveform Inversion Algorithm

The least-squares misfit function that is minimized is
given by

E(m) =
1

2
4d†4d (10)

where4d is the data residual vector,4d = dobs−dcal(m),
the difference between observed and calculated data. The
symbol † denotes the complex conjugate operator.

From a starting model m0, we are going to search
for a local minimum of the misfit function E(m0) by it-
erative nonlinear local optimization. By following the
Born approximation (Born and Wolf (1993); Beydoun and
Tarantola (1988)), The estimated model m can be written
as m = m0 +4m, where 4m is a perturbation model.

The misfit function of model m, E(m), can be ex-
panded by Taylor series as,

E(m0 +4m) = E(m0) +
M∑

j=1

∂E(m0)

∂mj
4mj

+
1

2

M∑

j=1

M∑

k=1

∂2E(m0)

∂mj∂mk
4mj4mk +O(‖4m‖3)

(11)

Where M denotes the number of inverted parameter.
The first order derivative respect to the model parameter
ml can be written as,
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∂E(m)

∂ml
=
∂E(m0)

∂ml
+

M∑

j=1

∂2E(m0)

∂mj∂ml
4mj (12)

The misfit function reaches its minimum when the first
order derivative equal zeros. Therefore, the left hand term
must be set to zero,

0 =
∂E(m0)

∂ml
+

M∑

j=1

∂2E(m0)

∂mj∂ml
4mj (13)

And implies this expression respect to model parameter
m,

−∂E(m0)

∂m
=
∂2E(m0)

∂m2
4m (14)

Hence, the perturbation model:

4m = −
[
∂2E(m0)

∂m2

]−1
∂E(m0)

∂m
(15)

where
∂E(m0)

∂m
is called the gradient∇E(m0) and

∂2E(m0)

∂m2

the Hessian H.

Gradient expression

For multiple sources and frequencies, The gradient
of the misfit function for the model parameter mj is com-
puted with the adjoint-state method (Chavent (1974); Taran-
tola (1984); Plessix (2006); Chavent (2009)), which gives

∇Emj = −
Nω∑

k=1

Ns∑

l=1

R

[
pT
l,k

(
∂Ak

∂mj

)T

A−1k 4d∗l,k

]

= −
Nω∑

k=1

Ns∑

l=1

R

[
pT
l,k

(
∂Ak

∂mj

)T

r∗l,k

] (16)

where T denotes the transpose operator, ∗ the complex
conjugate,Ns the number of sources, and Nω the num-
ber of frequencies simultaneously inverted, in this case,
Nω = 1. R defines the real part of the complex value
pl,k is the monochromatic incident wavefield associated
with frequency k and source l. rl,k is the back-propagated
residual wavefield. Note that the residuals associated with
one source are assembled to from one vector.

Hessian expression

The Hessian reads

H = R
[
JTJ∗

]
+ R

[(
∂J

∂m

)T

(δd∗ · · · δd∗)
]

(17)

where J is the Frechet derivative or the sensitivity ma-

trix. The first term R
[
JTJ∗

]
is called the approximate

Hessian. It is the zero-lag correlation between the partial
derivative of wavefields with respect to different param-
eters. Therefore, it represents the spatial correlation be-

tween the images of different point scatterers. It can be
view as a resolution operator resulting from limited band-
width of the source and the acquisition geometry. Indeed,
applying the inverse of the Hessian is equivalent to apply-
ing a spiking deconvolution of the gradient misfit function.
(e.g. Ali et al. (2009))

The term R[JTJ∗] is diagonal dominant since the
diagonal terms are defined by zero-lag auto-correlation.
This diagonal term reduces the effects of the geometrical
spreading. Therefore, in the frame of surface acquisition,
it helps to scale the deep perturbations (large offsets /
small amplitudes) with respect to the shallow perturba-
tions (near offsets / high amplitudes)

The second term R
[(

∂J
∂m

)T
(δd∗ · · · δd∗)

]
is the zeros-

lag correlation between the second-order partial derivative
of the wavefields with data residuals. Since first-order
partial derivative os related to single scattering, it can be
expected that second-order partial derivative is related to
double or multiple scattering.

The perturbation model (descent direction) equa-
tion (15) reads

4m =

{
R

[
JTJ∗ +

(
∂J

∂m

)T

(δd∗ . . . δd∗)

]}−1
∇Em

(18)
This expression is generally referred as the Newton method,
which is locally quadratic convergence.

Generally, the second term of Hessian is neglected
since in the framework of the Born approximation multiple
scattering are neglected (Pratt et al. (1998)). This leads
to a quasi-Newton direction called Gauss-Newton,

4m =
{
R
[
JTJ∗

]}−1
∇Em (19)

If the Hessian is replaced by a scalar α, the expression
gives the steepest descent direction,

4m = α∇Em (20)

Consider the approximate HessianHa (Pratt et al. (1998))
defined by

Ha = R
[
JTJ∗

]
(21)

The element of the Frechet derivative matrix associated
with the source-receiver pair k and the parameter mj is
given by (Ali et al. (2009); Malinowski et al. (2011))

Jk(s,r),l = pT
s

(
∂A

∂mj

)T

A−1δr (22)

where δr is an impulse source located at the receiver
position r. As shown by the equation above, we have to
simulate one forward problem for each source and each
receiver pair. This means that the computational cost
of the approximate Hessian depends on the acquisition
geometry and number of sources and receivers. In the
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huge acquisitions, the large space of the storage must be
required for the approximate Hessian.

To mitigate the problem, only diagonal terms of
the approximate hessian are computed at first iteration of
the inverted frequency (Ravaut et al. (2004); Operto et al.
(2006)).

To update the approximate Hessian or its inverse
H(i) at each iteration of inversion, the BFGS algorithm is
applied by taking into account the additional knowledge
of ∇E(i) at iteration i. The BFGS formula for the inverse
of the quasi-Hessian is given by,

H−1(i+1) =

(
I− siy

T
i

yT
i si

)
H−1(i)

(
I− yis

T
i

yT
i si

)
+

sis
T
i

yT
i si

(23)

where si = mi −m(i−1) and yi = ∇E(i) −∇E(i−1). In
this study, we used only the diagonal part of the hessian.

Model parameters

From the complex velocity equation (3), we define the
complex slowness as,

s̃ =
1

c̃

s̃ = s

(
1 +

i

2Q

) (24)

and

c =
1

s(r)

Q =
s(r)

2s(i)

(25)

where sr = R[s̃] and s(i) = I[s̃]. R and I refer to real
and imaginary part of complex value respectively.

Now, we assume two real-value parameter classes
as s(r) and si which are the real and imaginary component
of complex slowness s̃ = s(r) + is(i). Both parameters
have N element, where N = nz × nx. Then, the model
parameters can be written as

m =

[
s(r)

s(i)

]
(26)

which the number of model parameter is 2N .
The gradient is partition into two vectors as (Ken-

nett and Sambridge (1998); Williamson (1990))

∇mE =

[
∇s(i)E
∇s(r)E

]
(27)

Following Kamei and Pratt (2013), we precondition the
model gradient by pre-multiplication,

∇mE =

[
∇s(i)E
λ∇s(r)E

]
(28)

λ is a scalar that scales and balances two gradient classes,
and is referred to as an ’attenuation penalty term’ which
illustrates that λ 6= 1 performs an implicit regularization:
The condition λ < 1 penalizes the attenuation component
of the model gradient, and λ > 1 penalizes the velocity
component of the model gradient.

RESULTS

The acquisition geometry of the synthetic data includes
- Model size: 101× 201 grid point (nz = 101 and nx =

201) with grid spacing 5 m.
- 39 sources locate at 25 m depth and 25 m spacing.
- 191 receivers with 475 m depth and 5 m spacing.
- True model: two simple boxes model as shown in table

1
- Initial model: homogeneous as shown in table 1
- 15 iterations are preformed at each inverted frequency.

Comparison between sfinversion01 and sfin-
version02 algorithm

In this test, 17-frequency components between 3 and
20 Hz are fully inverted. We used the algorithms that
present in Figure 1 and 2, and had results as shown in
table 1. From the results:

- Velocity shape: Both method give an accurate position
of boxes.

- Velocity amplitude: Quasi-Newton give a better am-
plitude.

- Attenuation shape: Quasi-Newton give a better shape.
- Attenuation amplitude: Quasi-Newton with complex

slowness parameter model give an inaccurate amplitude of
the right box that should be less than background. There
are the stronger coupling in this parameter class. Steepest
descent with v-q parameter model give a very low attenu-
ation amplitude of the left box (about Q=20) but it give
a correct trend of the right box.

- Steepest attenuation result gives obviously artifacts at
the source position. By using Hessian in Quasi-Newton
method, the artifacts is decreasing.

Cross-hole and onshore results from Quasi-
Newton and v-q model parameter

In this test, In case of onshore, receivers locate at 25
m depth. Frequency components between 1 and 30 Hz
are fully inverted. We used the algorithms that present
in Figure 2 but instead of converting complex slowness,
v-q parameters are inverted, and had results as shown in
table 2.

Realistic Model Example

In this experiment, we use the more realistic Q and ve-
locity models used in Kamei and Pratt (2013) with the
permission from Rie Kamei. Figure 3 shows the experi-
mental set up of this crosswell test. There are 57 sources
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located in a well and 281 receivers located in another well.
The true velocity andQmodels are shown in Figures 4 and
5. Figures 8 and 7 show the initial models used in thise
experiment. The estimated models are shown in Figures
8 and 9. The inversion results from visco-acoustic full-
waveform inversion show very promising results of both
velocity and Q estimation. In the future, we will apply
the inversion to field data.

SUMMARY

Both velocity and attenuation can be reconstructed by
FWI without the constrain of maximum and minimum
value of the model. But in order to get the better resolu-
tion, we have to apply the precondition and regularization
to the algorithm which are the next step of this work.
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Algorithm

Reading f , Starting V-Q model, s-r
position and observed data from .rsf file,
nipf (iteration per f)

Build impedance matrix A Build source matrix S

Initialize MUMPS with A
and LU Factorization

MUMPS solving for incedent wavefield Initialize MUMPS RHS with S

Read data from calculated wavefiled
and compute data residual

Compute misfit : E

Initialize MUMPS RHS with data residual

MUMPS solving for backpropagate wavefield

- Compute V and Q gradient
- Initialize MUMPS RHS with S

λ

Update:
- v1 = v0 − λv
- q1 = q0 − hλq

- Build impedance matrix A1

- Initialize MUMPS with A1

- MUMPS solving for incedent wavefield

Update λ
Read data from calculated wavefiled
and compute data residual

Compute misfit : E1

No E > E1 ?

Yes

ipf = ipf + 1

No ipf > nipf ?

Yes

End
Output: V and Q file .rsf

Figure 1: F90-Madagascar Inversion Code Flow Chart: Code named ”sfinversion01”
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Reading f , Starting V-Q model, s-r
position and observed data from .rsf file,
nipf (iteration per f)

Initial complex slowness model from V-Q
model

Build impedance matrix A Build source matrix S

Initialize MUMPS with A
and LU Factorization

Computing approx. Hessian
- Solving the wavefield of all reciever at
each source
- Calculating the diagonal term of Approx.
Hessian

MUMPS solving for incedent wavefield Initialize MUMPS RHS with S

Read data from calculated wavefiled
and compute data residual

Initialize MUMPS RHS with data residual

MUMPS solving for backpropagate wavefield

- Compute sr and si gradient
- If (ipf ¿ 1) : Update Hessian

Update real and imaginary part of slowness

- Build impedance matrix A1

- Initialize MUMPS with A1

- MUMPS solving for incedent wavefield

Read data from calculated wavefiled
and compute data residual
Compute misfit : E1

ipf = ipf + 1

No ipf > nipf ?

Yes

End
Calculate V and Q from complex slowness
Output: E, V and Q file .rsf
(E : misfit value of each iteration)

Figure 2: F90-Madagascar Inversion Code Flow Chart: Code named ”sfinversion02”
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Table 1: Comparing between Steepest descent with v-q parameter and quasi-Newton with complex slowness parameter

Detail Velocity Attenuation

True model

Initial model

Steepest descent

quasi-Newton
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Table 2: FWI result cross-hole and onshore data

Detail Velocity Attenuation

True model

Initial model

Cross-hole

Onshore
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Figure 3: The experimental set up of the realistic model experiment.
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Figure 4: True velocity model of the Kamei-Pratt’s model.
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Figure 5: True Q model of the Kamei-Pratt’s model.
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Figure 6: Initial velocity model for the realistic model experiment.
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Figure 7: Initial Q model for the realistic model experiment.
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Figure 8: Estimated velocity model for the realistic model experiment.
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Figure 9: Estimated Q model for the realistic model experiment.



Least-Squares Kirchhoff Migration in 2D Isotropic Media

Nirada Rotjananirunkit and Chaiwoot Boonyasiriwat

ABSTRACT

Least-squares migration (LSM) is an iterative method
to improve section image of the adjoint operator which,
in this work, is Kirchhoff migration. In this report,
Kirchhoff modeling and full-waveform modeling were
used for generating synthetic data. Then conventional
and least-squares Kirchhoff migration methods were
tested on the synthetic data. The numerical results
show that LSM can considerably improve the migra-
tion image in the case where the observed data were
generated using Kirchhoff modeling but LSM could not
provide an apparent improvement in the full-waveform
data case. To be able to successfully apply LSM to
field data, we still need to improve the effectiveness of
LSM in the latter case.

INTRODUCTION

To provide the model of reflectivity, the inverse opera-
tor is applied on the seismic data. One of the most well
known approximated seismic inversion operator is Kirch-
hoff migration. This migration algorithm is generally used
in the industrial and the academic research because it is
simple and computationally efficient. Nevertheless, as-
sumption of Kirchhoff migration is not exactly satisfied
some of the realistic events, and it is not effectively useful
for every complicated structure of reflectivity model and
can not attenuate the artifact form acquisition footprint
thoroughly.

Applying least-squares migration over Kirchhoff migra-
tion can improve section image resolution obviously. Some
of the standard migration artifact is removed. Moreover,
it can be used to interpolate and extrapolate missing traces
data from poor acquisition conditions (Nemeth et al., 1999).

The goal of this project is to implement least-squares
migration algorithm then its performance on synthetic
data and filed data are studied. In the first section, the
method of steepest descent and its represented variable

corresponding to Kirchhoff migration are introduced. Next,
the synthetic data from full-wave modeling and Kirchhoff
modeling are tested, compared and discussed. The follow-
ing part shows the application of the least-squares oper-
ator on filed data. The last section provides discussions,
summary and suggestions.

THEORY AND METHODS

The linear equation system can be represent in form of
matrix

Amt = do (1)

Where A is an adjoint operator of forward modeling, each
element of mt is reflector position on the true reflectivity
model, and do is observed seismic data or seismogram.
For step of modeling, the true reflectivity model(mt) is
mapped on to seismic data(do) for providing synthetic
data. Next, the observed data(do) is inverted to deter-
mine an estimated reflectivity model(me),and this method
is call inversion. Due to noise in observed data, there is
the residual as shown in equation 2.

r = ||Ame − do|| (2)

To provide the best solution of the estimated reflectivity
model, the problem is considered to be an optimization
problem, and the objective function can be determined.

E =
1

2
||Ame − do||2 (3)

Then it is minimized over the variable me , so me can be
solved and called least-squares solution(7).

δE

δme
=

1

2

1

δme
||Ame − do||2 = 0 (4)

AT (Ame − do) = 0 (5)

ATAme = ATdo (6)

me = [(ATA)−1AT ]do (7)
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Approximate (ATA)−1 = I

me = ATdo (8)

Solution in equation 8 is inversion or migration. To get
more accurate reflectivity model represented by least-square
solution in equation 7, the method of steepest descent is
required for having optimized objective function.
The direction which objective function decreases is nega-
tive gradient(g), and there is a step length(λ) which de-
termines how large of objective function can be decrease
by the direction.

g =
δE

δm
= AT r (9)

λ =
δE

δλ
=

< Ag, r >

< Ag,Ag >
(10)

Next, the improved model will be updated, and used for
modeling of the next iteration. The new gradient will be
calculated as well as the new step length.

mi+1 = mi − λg (11)

After each iteration, residual is supposed to be reduced
and finally converted to zero.

SYNTHETIC DATA EXAMPLE

In this section, we present numerical results obtained from
applying least-squares Kirchhoff migration (LSM) to a
synthetic data set generated for a section of the Marmousi
model. Figure shows the normally incident reflectivity
model which is the vertical derivative of the Marmousi
velocity model. Ten common shot gathers (CSG) were
generated from the reflectivity model using full-waveform
modeling and a CSG is shown in Figure . These data are
called the observed data. A CSG of the calculated data
obtained using LSM is shown in Figure . Most of the
events in the observed data are well predicted by LSM but
there are some data misfits in some early arrival events at
near offsets. The migration images obtained using conven-
tional and least-squares Kirchhoff migration are shown in
Figures and . In this case, LSM could not provide an
apparent improvement to the Kirchhoff migration image.
This could be due to coherent noise in the observed data
and amplitude difference of seismic events of Kirchhoff
modeling from full-waveform modeling.

SUMMARY

We have compared conventional and least-squares Kirch-
hoff migration in a synthetic data experiment in which the
observed data were generated from full-waveform model-
ing. The migration image obtained using least-squares
migration (LSM) has only some small improvements com-
pared to the image from conventional Kirchhoff migration.
We still need to improve the convergence of LSM so that
it can be effectively applied to real data.

Figure 1: The reflectivity model used in the synthetic data
experiment.

Figure 2: A common shot gather of the observed data
generated using Kirchhoff modeling.

Figure 3: A common shot gather of the calculated data
from least-squares Kirchhoff migration.
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Figure 4: Kirchhoff migration image.

Figure 5: Least-squares Kirchhoff migration image for the
35th iteration.

Figure 6: Residual versus iteration.
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Figure 7: A common shot gather of the observed data
generated using full-waveform modeling.

Figure 8: A common shot gather of the calculated data
from least-squares Kirchhoff migration.

Figure 9: Kirchhoff migration image.
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Figure 10: Least-squares Kirchhoff migration image for
the 10th iteration.

Figure 11: Residual versus iteration.
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Miscellaneous
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A Guide to Technical Report Writing

Chaiwoot Boonyasiriwat

ABSTRACT

The Abstract section is one of the most important parts
of a report since the reader will read this part first and
will decide whether or not to continue reading the re-
port depending on the content of the Abstract. The
Abstract should contain some introduction to the re-
search topic, main theories or methods involved in the
research, key research results, and concise summary or
conclusion. In other words, the Abstract is the ex-
tremely compact version of the full report that con-
tains all the important information about the research
project.

INTRODUCTION

The Introduction should contain three parts: Review, Claim,
and Agenda. The Review part is composed of the overview
of previous research related to the current research. Some
key references such as research articles should be referred
to in this part. It should be written in a way that leads
to the need for the research conducted in the technical
report. Then comes the Claim part which contains key
contributions of the current research work. The final part
is the Agenda which is comprised of a concise description
of how each section of the report is presented to convince
the reader of all the research contributions presented.
For more details about how to write the Abstract and

the Introduction, the reader is referred to the papers by
Landes (1966) and Claerbout (1988).

THEORY OR METHODS

This section should contain enough details such that other
researchers can repeat the research work presented in the
current report. Typically, mathematical equations are
presented with the minimal amount to allow the reader
to smoothly read the report. The detailed mathematical
proof or derivation should be put in the Appendix section.

Any theories or methods presented in previous report or
article can also be briefly presented such that the report
is self-contained. If the method to be put is too long, the
author should instead provide a citation.

RESULTS

This section is composed of experimental design, parame-
ters, and results. Each additional experiment should bring
in new information or issues to be discussed. The results
should be presented professionally as graphs, tables, or
images with an informative caption. Any graph should
contain labels for all the axes with units if possible. Any
texts in the figure should be large enough for the reader
to read without a glass magnifier.

All figures and tables put in the report must be referred
to in the text. This is the same for all the references. Oth-
erwise, the author should be not put them in the report.
For example, Figure 1 shows the Marmousi velocity model
which is put here as an example.

SUMMARY OR CONCLUSION

Many authors incorrectly use Conclusion in their report.
Unless the author have really completed his or her re-
search study, the word Summary should be used instead
to summarize what have been done and key outcomes of
the work.
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Figure 1: Marmousi P-wave velocity model.
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